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SUMMARY AND CONCLUSIONS 
3 
C a l c u l a t i o n s  have been c a r r i e d  o u t  t o  p r e d i c t  unsteady-aerodynamic 
s o u r c e s  of wing s t r u c t u r e b o r n e  v i b r a t i o n  for  v a r i o u s  modes o f  p r o p e l l e r  
i n s t a l l a t i o n .  
Mounted e i t h e r  upstream o f  the  wing o r  downstream o f  t h e  pylon t h a t  
s u p p o r t s  i t ,  a p r o p e l l e r  a t  c r u i s e  must  chop t h r o u g h - a  s t e a d y  b u t  nonuniform 
in f low f ie ld .  F o r  a pushe r  p r o p e l l e r  t h e  largest  s o u r c e  of nonun i fo rmi ty  
is  t h e  wake of t h e  ups t ream planform: f o r  a t rac tor  p r o p e l l e r  it i s  t h e  much 
smoother ,  and t h e r e f o r e  l e s s  s e v e r e ,  ups t ream i n t e r f e r e n c e  o f  t h e  wing a t  
t h e  p r o p e l l e r  d i s k  p l ane .  Both types  o f  i n f l o w  g e n e r a t e  a n e t  harmonic 
p r o p e l l e r  t h r u s t ,  collected a t  t h e  hub and a c t i n g  t o  dr ive  t h e  wing or  
pylon  i n  roughly  t h e  f l i g h t  d i r e c t i o n  th rough  t h e  e n g i n e  connec t ions .  
I n  t h e  case of a t rac tor  propeller t h e  s i g n i f i c a n t  mechanism fo r  
g e n e r a t i o n  of harmonic forces i s  t h e  unsteady-aerodynamic r e a c t i o n  o f  t h e  
w i n g  t o  t h e  uns t eady  downwash induced by t h e  convec ted  p r o p e l l e r  wake. 
Both c o n f i g u r a t i o n s  and mechanisms have  been ana lyzed  h e r e  f o r  o p e r a t i n g  
c o n d i t i o n s  and geomet r i c  parameters  c o r r e s p o n d i n g  t o  t h e  Hamilton S t a n d a r d  
h i g h - e f f i c i e n c y  p r o p e l l e r .  On t h e o r e t i c a l  g rounds  w e  conclude  t h a t  t h e  
ups t ream wing effect  w i l l  n o t  resu l t  i n  a s i g n i f i c a n t  s o u r c e  of v i b r a t i o n .  
Our c a l c u l a t i o n s  i n  t h i s  p a r t  o f  t he  s t u d y  r e q u i r e d  t h a t  w e  f irst  model 
t h e  i n t e r f e r e n c e  wing f lows  o f  the Gul  fs t r f :am-IT ai  r c r a f t  a t  the Iiroposcd 
p r o p e l . l e r  l o c a t i o n .  
For  a p u s h e r  p r o p e l l e r  c u t t i n g  th rough i t s  pyl .on 's  wake w e  have p r e d i c t e d  
a 40-lb t h r u s t  a t  t h e  fundamental. (b l ade -passage )  f requency .  Tlie model of 
wake momentum d e f i c i t  for a n o n l i f t i n g  pylon w a s  h e r e  based  on a v a i l a b l e  
f u l l - s c a l e  measurements f o r  t h e  wing o f  a t y p i c a l  a i r l i n e r ;  i t  used t h e  
average of p a i r s  of d a t a  p o i n t s  above and below t h e  wing p l a n e ,  w i t h  t h e  
w a k e . p r o p e r l y  s c a l e d  down and app l i ed  a t  downstream s t a t i o n s  where t h e  
p r o p e l l e r  d i s k  w i l l  l i k e l y  be. Whether o r  n o t  t h e  40-lb number w i l l  r e s u l t  
i n  an unaccep tab le  n o i s e  l e v e l  depends on wing/cabin t r a n s f e r  f u n c t i o n s  n o t  
f u l l y  a v a i l a b l e  y e t ,  e i ther  t h e o r e t i c a l l y  o r  e x p e r i m e n t a l l y ,  and on whether  
t h e  force can be  i s o l a t e d  e f f e c t i v e l y  I €or example through p r o p e r l y  d e s i g n e d  
e n g i n e  mounts. 
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W e  d id  n o t  ana lyze  f u s e l a g e  i n t e r f e r e n c e  or  boundary- layer  e f f e c t s ;  
however, f o r  both wing- and af t -mounted p r o p e l l e r s  t h o s e  f lows  shou ld  be  
bounded i n  deg ree  of nonun i fo rmi ty  by t h e  wing i n t e r f e r e n c e  and pylon wake, 
w i t h  co r re spond ing  harmonic l o a d s  which f a l l  between t h o s e  p r e d i c t e d  h e r e .  
Our estimates of wing p r e s s u r e  d i s t r i b u t i o n s  due to  wake impingement 
also await s t r u c t u r a l / a c o u s t i c  c a l c u l a t i o n s  f o r  a f i n a l  conc lus ion .  . 
A f e w  g e n e r a l  recommendations s t r i c t l y  based  on t h e  aerodynamics 
problems examined can  be made, however: 
?!cnur?iform Propeller Inflow a s  a Mechanism o f  T h r u s t  Gene ra t ion  
1. Having a l a r g e  number o f  b l a d e s  i s  a good i d e a ,  n o t  j u s t  from t h e  
s teady-performance v iewpoin t ,  which s e e k s  l o w e r  i n d i v i d u a l  blade t i p  s p e e d s  
w h i l e  k e e p i n g  des ign  t h r u s t  c o n s t a n t ,  b u t  also f o r  t h e  pu rpose  of lower ing  
uns t eady  p r o p e l l e r  t h r u s t  l e v e l s .  Fo r  a g i v e n  p r o p e l l e r  RPM u s e  of more 
b l a d e s  y i e l d s  a h i g h e r  v a l u e  o f  reduced  f requency  associated w i t h  t h e  b l ade -  
pas sage  fundamenta l ,  and so i n  lower levels o f  noncompact b l a d e - s e c t i o n a l  
l o a d i n g s  c o n t r i b u t i n g  t o  t o t a l  t h r u s t .  
2. An obvious s u g g e s t i o n  is  t h a t  t h e  number of p r o p e l l e r  b l a d e s  b e  
k e p t  even i n  t h e  pylon-mounted, once -pe r - r evo lu t ion  e x c i t a t i o n  mode. For 
t h i s  c o n f i g u r a t i o n  odd b l a d e s  would y i e l d  b e t t e r  c o u p l i n g  between odd 
harmonics  of t h r u s t  and t h o s e  o f  t h e  i n f l o w  nonun i fo rmi ty  and t h e r e f o r e  would 
be u n d e s i r a b l e .  By t h e  same r e a s o n i n g ,  i f  a pushe r  1 , rope l l e r  is ever c o n s i d e r e d  
f o r  g e n e r a l  wing i n s t a l l a t i o n ,  i t  shou ld  c o n t a i n  an odd number o f  b l a d e s  s i n c e  
t h e  e x c i t a t i o n  would then  o c c u r  t w i c e  p e r  r e v o l u t i o n  r a t h e r  t han  once .  
Wing Excitation-by Wake of a T r a c t o r  P r o p e l  l e t  - 
1. S i m i l a r  t o  I t e m  1 above,  a large number of blades w i l l  y i e l d  h i g h e r  
reduced  f r e q u e n c i e s  based  o n  wing semichord and f l i g h t  speed ,and  so, i n  lower 
levels o f  wing p r e s s u r e  d i s t r i b u t i o n s  f o r  t h i s  mechanism. 
2. I n c r e a s i n g  t h e  r a d i u s  o f  t h e  p r o p e l l e r  shou ld  r e s u l t  i n  some d e c r e a s e  
i n  s t r e n g t h  of b l a d e - t i p  v o r t i c e s  d r i v i n g  t h e  downstream wing ,  e s s e n t i a l l y  
because  keeping  t o t a l  performance t h r u s t  c o n s t a n t  would t h e n  imp1.y a more 
g r a d u a l  spanwise l o a d  d i s t r i b u t i o n  for i n d i v j  d u a l  b l a d e s  and a lower n e a r - t i p  
v a l u e  o f  s t e a d y  b l a d e - s e c t i o n a l  l i f t .  
c 
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blade semichord (Chapt.  II), wing semichord  
(Chapt.  111) ; d imens iona l  
sound speed  ; d imens iona l  
wing chord  ; d imens iona l  
F r e s n e l  I n t e g r a l  and c o n j u g a t e ,  Eqs. II.25,26 
wing t h i c k n e s s  d i s t r i b u t i o n  (9 '  nondimens iona l )  
f u n c t i o n  d e f i n e d  by Eqs. 11.30, 31 
wing camber d i s t r i b u t i o n  ( h '  nondimens iona l )  
i n s t a n t a n e o u s  normal-to-wing vortex p o s i t i o n  ; 
d imens iona l  
g u s t  wavenumber a t  r a d i u s  R ;  d imens iona l  
wb/U, reduced f requency  
kcosA , normal- to-blade l e a d i n g  edge wavenumber, 
e q u a l  t o  k i n  p a r t  o f  Appendix A 
normal ized  a c o u s t i c  wavenumber w b / c o  
P o s s i o  k e r n e l  
. arc  l e n g t h  a l o n g  b l a d e  midchord;  d imens iona l  
maximum s e c t i o n a l  s t e a d y  b l a d e  l i f t ;  d imens iona l  
c i r c u m f e r e n t i a l  Mach number fo r  blade s e c t i o n  a t  
R ,  i n  Chap te r  I1 ; f l i g h t  Mach number i n  Chap te r  117: 
f l i g h t  Mach number i n  Chap te r  T I  
number of blades 
wing p r e s s u r e  d i s t r i b u t i o n  and spanwise  t r a n s f o r m ;  
d imens iona l  
two-dimensional  range  measured f r o m  blade l e a d i n g  e d g e ,  
Appendix A ;  nondimens iona l  
r a d i a l  d i s t a n c e  t o  b l a d e  s e c t i o n  i n  q u e s t i o n ;  d imens iona l  
-4- 
R* Radial dis tance def ined  i n  F i g s .  1 1 . 4 , s ;  d imens iona l  
b l a d e - t i p  value o f  R* 
T i p ,  hub,  and e f f e c t i v e - t i p  r a d i i  i n  Eq. 1 1 . 2 8 ;  d imens iona l  
RZ 




local spanwise  b l a d e  c o o r d i n a t e ;  nondimens iona l  
t t i m e ;  d imens iona l  
T uns t eady  b l a d e  t h r u s t ,  Chap te r  11; s teady-per formance  p r o p e l l e r  
T harmonic of b l a d e  t h r u s t ;  d imens iona l  
t h r u s t ,  Chap te r  I11 
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!?arE!cnic cf =repe l le r  t!?rl?st; dimensional 
harmonic of s e c t i o n a l  hl  ade t h r u s t ;  dimensional 
nonuniform p r o p e l l e r  i n f l o w  (Chap te r  11) , or t a n g e n t i a l  
v e l o c i t y  €or shed  wake (Chapter  111) 
normal-to-wing l ead ing  edge  i n t e r f e r e n c e  h o r i z o n t a l  f l ows  
due  t o  t h i c k n e s s  and l i f t ,  r e s p e c t i v e l y ;  d imens iona l  
no rma l - to -p rope l l e r  d i s k  components of u t  , u t  ; dimensional. 
mth F o u r i e r  component of u ;  d i  mensi0na.l 
Q R  i n  Chap te r  11, f l i g h t  speed  e I scwhere ;  d imens iona l  
f l i g h t  speed  i n  Chapter  IT; d imens iona l  
p rope l l e r - induced  downwash v e l o c i t y ;  d imens iona l  
harmonic o f  w ,  d imens iona l ;  and i t s  spanwise  F o u r i e r  t r a n s f o r m  
downwash v e l o c i t y  due t o  induced and shed-wake f1ows;d imens iona l  
normal - to- leading  edge c o o r d i n a t e  ( C h a p t e r  I1 f o r  b l a d e  , 
Chap te r  111 fo r  wing) ;  nondimens iona l  
chordwise  p o s i t i o n  of maximum camber d i s p l a c e m e n t ;  d imens iona l  
b lade-based  c o o r d i n a t e ,  F ig .  11 .3 ;  nandimens iona l  
h o r i z o n t a l  coord ina te  normal  t o  wing l e a d i n g  e d g e ,  F i g .  1 1 . 2 ;  





















A(R)  , A w  
P .  
P 
P 
x p o s i t i o n  of p r o p e l l e r  hub f 
b lade  mean-sweep f u n c t i o n  and t i p  v a l u e ,  F i g s .  I I . 4 , 5 ;  d imens iona l  
spanwise wing c o o r d i n a t e  , Chapter  I11 ; nondimens iona l  
maximum camber d i sp lacemen t ;  d imens iona l  
.- . 
x t i Z f ;  d imens iona l  
normal-to-wing c o o r d i n a t e ;  Chap te r  111; nondimens iona l  
normal-to-wing c o o r d i n a t e ;  Chap te r  11; d imens iona l  
f 
z v a l u e  of p r o p e l l e r  hub f 
wing a n g l e  of a t t a c k  
- 
2 2 d-M2 (R)cos A (R) , Chap te r  11; o r  J 1 - M  based  on f l i g h t  
Mach number, Chap te r  111 
d l - ~ ~  cos A (Chap te r  11) 2 2  
W 
angle  o f  b l a d e  t w i s t  p 1 . u ~  p i . tch  
s t r e n g t h  o f  wake v o r t e x  sheet; dj.mcnsi onal. 
vo r t ex  s t r e n g t h ;  d imens iona l  
1 
IJtkx/B i n  Appendix A;  nondimens iona l  
angu la r  p o s i t i o n  i n  b l a d e  p o l a r  r e f e r e n c e  frame (Appendix A )  ; or 
c i r c u m f e r e n t i a l  a n g l e  i n  propeller d i s k  (Cliapter  11) 
c i r c u m f e r e n t i a l  component of b l a d e  sweep,  wing sweep 
wavenumber p a r a m e t e r ,  E q .  11.24;  nondimens iona l  
equal  t o  kM/B2 i n  Chap te r  I11 
frequency pa rame te r ;  Eq. 111.23;  nondimens iona l  







wing t h i c k n e s s  r a t io  
p e r t u r b a t i o n  v e l o c i t y  p o t e n t i a l s ;  d imens iona l  
harmonic of @ 
wavenumber pa rame te r ,  Eq. 1 1 . 2 3 ;  nondimens iona l  




An impor t an t  t a s k  of t h e  p r e s e n t  r e s e a r c h  e f fo r t  is t h e  p r e d i c t i o n  
of some o f  t h e  new wing o r  pyLon f o r c e s  l i k e l y  t o  be i n t r o d u c e d  by t h e  
aerodynamics o f  high-speed p r o p e l l e r s .  Estimates similar t o  t h o s e  r e p o r t e d  
h e r e  w i l l  s e r v e  a s  i n p u t  t o  a i r c r a f t - s p e c i f i c  models o f  s t r u c t u r e b o r n e  
v i b r a t i o n  f o r  t he  wing and f u s e l a g e  u n t i l  ,more a c c u r a t e  G a l c u l a t i o n s  become 
wide ly  a v a i l a b l e .  We c o n s i d e r  t w o  p o s s i b l e  mechanisms f o r  t h e  g e n e r a t i o n  
of such  a i r l o a d s  : 
F i r s t ,  chopping through t h e  wake o f  an ups t r eam s u p p o r t i n g  pylon  
w i l l  c ause  uns teady  b l a d e  t h r u s t s  on a pushe r  p r o p e l l e r .  I f  n o t  p r o p e r l y  
i so la ted  somewhere w i t h i n  t h e  volume o f  t h e  n a c e l l e ,  t h e  t o t a l  t h r u s t  force 
will d r i v e  s a i d  pylon  ha rmon ica l ly  i n  a d i r e c t i o n  approx ima te ly  c o l i n e a r  
w i t h  t h a t  of f l i g h t ,  t h e r e b y  p roduc ing  f u s e l a g e  v i b r a t i o n  and cab in  n o i s e .  
The same can be expec ted  of a wing-mounted t r a c t o r  p r o p e l l e r  c u t t i n g  th rough  
t h e  s t e a d y  upstream i n t e r f e E e n c e  f i e l d  o f  t h e  wing. The p r e s e n t  s t u d y  
examines b o t h  modes o f  p r o p e l l e r  i n s t a l l a t i o n .  
Secondly ,  under  t h e  assumption o f  z e r o  e x t e r n a l  i n t e r f e r e n c e  o r  cross 
flows, s t e a d y  o p e r a t i o n  of a t rac tor  p r o p e l l e r  h a s  an associated sys t em of 
h e l i c a l  b l a d e - t i p  v o r t i c e s  which appea r  f r o z e n  i n  t h e  r o t a t i n g  frame of  
t h e  p r o p e l l e r ,  b u t  on t h e  wing p l a n e  induce  an uns t eady  downwash d i s t r i b u t i o n  
t h a t  i n  t u r n  g i v e s  rise t o  uns teady  p r e s s u r e s  and I . i f t .  
Ifanson has deve loped  w h a t  i s  probably  tlie m o s t  general-  l i n e a r - r e g i m e  
f o r m u l a t i o n  f o r  l i f t i n g  and n o n l i f t i n g  uns t eady  p ropfan  f lows .  G i v e n  
s u f f i c i e n t  computing r e s o u r c e s  and t i m e  one c o u l d . a p p l y  h i s  model t o  a n a l y z e  
r i g o r o u s l y  bo th  s i t u a t i o n s  l i s t e d  above ( s t a n d a r d  l i f t i n g - s u r f a c e  t h e o r y  
b e i n g  a s p e c i a l  case o f  h i s  i n t e g r a l  e q u a t i o n ,  which t h e r e f o r e  c o u l d  be used  
f o r  t h e  wing a s  w e l l ) .  As e a r l i e r  s t a t e d ,  however ,  o u r  o b j e c t i v e  h e r e  i s  
t h e  less ambi t ious  one  o f  t e m p o r a r i l y  f r o n t - e n d i n g  o u r  own f a i r l y  de ta i led  
s t r u c t u r a l  models f o r  wing and f u s e l a g e  w i t h  rough estimates f o r  t h e  aero- 
dynamic f o r c e s  which might  d r i v e  them. To t h i s  e n d ,  p r e d i c t i o n s  of uns t eady  
t h r u s t s  f o r  b l a d e s  p a s s i n g  th rough  e i t h e r  a p y l o n ' s  wake o r  t h e  w i n g ' s  
ups t ream i n t e r f e r e n c e  f i e l d  are h e r e  based  on t h e  f o l l o w i n g  s imple  model: 
. 
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The nonuniform p r o p e l l e r  i n f l o w  f i e l d  i s  broken up i n t o  a set  o f  
c i r c u m f e r e n t i a l  g u s t s  a t  a chosen number of r a d i a l  s t a t i o n s  between 
hub and t i p .  F o r  each  of t h e s e  we compute t h e  v a l u e  o f  b l a d e  s e c t i o n a l  
l i f t  ( t h r u s t )  u s i n g  t h e  approximation of l o c a l  aerodynamic r e a c t i o n  
i m p l i c i t  i n  h igh- f requency  s t r i p  theo ry .  * 
p i t c h  and t w i s t ,  and so r e a l l y  addres ses  o n l y  t h e  c i r c u m f e r e n t i a l  component 
of t h e  aerodynamic problem ; it becomes more and more n a t u r a l l y  v a l i d  f o r  t h e  
rad ia l ly  ou tward ,  h i g h l y  loaded  b lade  s e c t i o n s  a t  lower p i t c h .  
The model assumes z e r o  b l a d e  
A t  e v e r y  b l a d e  s e c t i o n  we n e g l e c t  c o u p l i n g  between s teady-per formance  and 
3 
uns teady  l o a d i n g s .  However, Myers and Kerschen have de termined  t h a t  t h e  omitted 
i n t e r a c t i o n  cou ld  lead t o  O ( 1 )  underes t ima tes  of a i r f o i l  r a d i a t e d . n o i s e ,  
so t h a t  t h e i r  r e s u l t s  r a t i o n a l l y  s u g g e s t  t h a t  o u r  p r e d i c t i o n s  h e r e  c o u l d  b e  
low by 6 dB.  On t h e  o t h e r  hand ,  s i n c e  a t  each  b l a d e  s e c t i o n  w e  a p p l y  
a Mach number based on o n l y  c i r c u m f e r e n t i a l  motion,  t h e  e f f e c t i v e  d e c r e a s e  
i n  c o m p r e s s i b i l i t y  t h rough  n e g l e c t  of t h e  f l i g h t  speed  component shou ld  
r e s u l t  i n  some o v e r e s t i m a t e  of  s e c t i o n a l  t h r u s t s ,  t h u s  p a r t i a l l y  o f f s e t t i n g  
t h e  above n e g l e c t e d  effect .  The model also starts o u t  under  t h e  assumpt ion  
of no i n t e r f e r e n c e  among b l a d e s ,  bu t  l a t e r  demons t r a t e s  t h a t  t h i s  s i m p l i -  
f i c a t i o n  i s  indeed  l a r g e l y  j u s t i f i e d  €or t h e  pa rame te r s  i n  q u e s t i o n .  
The basic unsteady-aerodynamic t h e o r y  is  t h a t  by Adamczykl f o r  a swept  , r i g i d  
f la t -plate  a i r f o i l  p a s s i n g  through a g u s t ;  w e  a p p l y  i t  a t  each  b l a d e  s e c t i o n  
u s i n g  t h e  l o c a l  v a l u e  o f  b l a d e  sweep, c h o r d ,  and c i r cumfe ren t i . a l  wave- and 
Mach numbers. T i p  e f f e c t s  are s imula t ed  i n  an ad hoc  fas l i ion  by a l l o w i n g  
f o r  decay  o f  load ampl i tudes  nea r  t h e  b l a d e  t i p  w h i l e  keep ing  p h a s e s  a t  
t h e i r  two-dimensional s t r i p - t h e o r y  v a l u e s .  I n  t h e  f i n a l  s t e p  i n d i v i d u a l l y  
i n t e g r a t e d  blade t h r u s t s  combine to  y i e l d  t h e  t o t a l  t h r u s t  harmonic a c t i n g  
a l o n g  t h e  p r o p e l l e r  a x i s .  
Fo r  t h e  mechanism o f  w i n g  e x c i t a t i o n  by t h e  p r o p e l l e r  wake, t h e  model 
u s e s  a sys t em of s t r a i g h t  p o t e n t i a l  v o r t i c e s  a p p e a r i n g  on t h e  w i n g ' s  T r e f f t z  
p l a n e  as a set  o f  p o i n t s  r o t a t i n g  a b o u t  t h e  p r o p e l l e r  a x i s :  t h e  
downwash induced  i s  c o n s t a n t  a c r o s s  t h e  wing chord  because  t h e  vor t ices  
are t aken  t o  be a l i g n e d  w i t h  t h e  f r e e s t r e a m  d i r e c t i o n .  
a f l a t  p l a t e  o f  c o n s t a n t  chord  and i n f i n i t e  span.  




t h e o r y  t h i s  time is A m i e t ' s  g e n e r a l i z a t i o n  of  t h a t  i n  R e f .  4 t o  i n c l u d e  
p lung ing  motion,  v a l i d  f o r  h i g h  s u b s o n i c  f l i g h t  speeds  and/or  h igh  
p r o p e l l e r  b lade-passage  f r e q u e n c i e s  ( i t  shou ld  be p o i n t e d  o u t  t h a t  A m i e t  
h a s  deve loped  h i s  t h e o r y  for chordwise downwash d i s t r i b u t i o n s  o t h e r  t h a n  
c o n s t a n t ,  t h u s  a l lowing  f o r  t h e  p o s s i b i l i t y  of mode l l ing  some o f  t h e  e f f e c t s  
of a c t u a l  v o r t e x  t i l t i n g  r e l a t i v e  t o  t h e  wing chord.  T h i s  f u r t h e r  
g e n e r a l i z a t i o n ,  however, is n o t  pursued  h e r e ) .  
- .  
Weir' h a s  r e c e n t l y  ana lyzed  t h e  ].ow-speed c a s e  of t h i s  mechanism. 
Because t h e  a p p l i c a t i o n  t o . s t r u c t u r e b o r n e  sound a n a l y s i s  f o r  t h i s  
mechanism u s e s  con t inuous  wing p l a t i n g  t o  i n t e r f a c e  wi th  t h e  s o u r c e ,  
p r e d i c t i o n s  w i l l  h e r e  be i n  t h e  form of a p r e s s u r e  d i s t r i b u t i o n  over t h e  
wing s u r f a c e  i n s t e a d  o f  a s i n g l e  l o a d  o r  moment, or  r u n n i n g  l i f t .  
I n  summary, S e c t i o n  I1 w i l l  be  devo ted  t o  t h e  p r e d i c t i o n  of t h e  t i m e -  
v a r y i n g  p o i n t  t h r u s t  p r o p e l l e r s  c o u l d  f e e l  due t o  s e v e r a l  s o u r c e s  of  non- 
u n i f o r m i t y  i n  in f low,  w h i l e  S e c t i o n  111 a n a l y z e s  uns t eady  d i s t r i b u t e d  wing 
airloads induced by  t h e  s t e a d y  v o r t e x  wake o f  a t ractor  p r o p e l l e r .  
11. PREDICTIONS OF HARMONIC A X I A L  FORCES FOR PUSHER AND TRACTOR 
PROPELLERS I N  NONUNIFORM STEADY INFLOW 
A. I n t r o d u c t i o n  
There  are t w o  p r o t o t y p i c a l  c o n f i g u r a t i o n s  b e i n g  cons ide red  f o r  t h e  
new p ropfan  technology.  
sense, ahead of t h e  wing,  w i t h  t h e  n a c e l l e  growing o u t  of t h e  1att.er. T h i s  
mode of i n s t a l l a t i o n  i s  c u r r e n t l y  undergoing  tests on a Gu l f s t r eam I1 a i r c r a f t .  
I n  one  the p r o p e l l e r  i s  mounted i n  t h e  c o n v e n t i o n a l  
I n  t h e  o t h e r  basic d e s i g n  each n a c e l l e  is h e l d  n e a r  t h e  s t e r n  by an  
ou tboa rd  pylon  connec ted  d i r e c t l y  t o  t h e  f u s e l a g e .  T h i s  t y p e  of i n s t a l l a t i o n  
w i l l  replace t h e  af t -mounted t u r b o j e t s  now on T - t a i l  a i rc raf t  such  as t h e  
DC-9. I t  u s e s  pushe r  i n s t e a d  of t ractor  p r o p e l l e r s ,  whose wake f lows  
do n o t  impinge d i r e c t l y  on any p a r t  o f  t h e  a i r c ra f t ,  which t h e r e f o r e  s h o u l d  
be free of t h a t  t y p e  of e x c i t a t i o n .  However, s i n c e  each  p r o p e l l e r  must  t h e n  
c u t  th rough t h e  wake f i e l d  o f  t h e  ups t ream pylon  s u p p o r t i n g  i t ,  new uns teady  
blade loads are g e n e r a t e d  and t r a n s m i t t e d  t o  t h e  wing v i a  t h e  e n g i n e  s t r u c t u r e  
unless isolated e f f e c t i v e l y .  
T h i s  harmonic p r o p e l l e r  t h r u s t  force i s  also p r e s e n t ,  though t o  a much 
less expected degree, for  a t r a c t o r  p r o p e I l e r  p a s s i n g  th rough  t h e  ups t ream 
i n t e r f e r e n c e  f i e l d  of t h e  wing. I n  t h e  f o l l o w i n g  s e c t i o n s  w e  deve lop  an  
a n a l y t i c a l / n u m e r i c a l  model t o  p r e d i c t  i t s  s p e c t r a  fo r  bo th  t y p e s  o f  
i n s t a l l a t i o n .  
A basic assumpt ion  i n  t h e  development is t h a t  b l ade -b lade  uns teady  
i n t e r f e r e n c e  i s  n e g l i g i b l e .  I n  Appendix A w e  u s e  t h e  b l a d e  loads so 
computed and v e r i f y  t h a t  mutua l ly  induced  fl.ows and p r e s s u r e s  a r e  i n  f a c t  
an order o f  magni tude lower t h a n  co r re spond ing  q u a n t i t i e s  f o r  t h e  i n c i d e n t  
g u s t  f i e l d .  
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8.  
ments f o r  
Models f o r  I n c i d e n t  V e l o c i t y  F i e l d s  
1. Pylon Wake A f f e c t i n g  Pusher  P r o p e l l e r  
The wake o f  a pylon  w i l l  be modelled using a v a i l a b l e  measure- 
t h e  wing o f  a t y p i c a l  l a r g e  a i r c r a f t . 7  F i g .  11.1 shows mean-wake 
d a t a  f o r  t h e  32%-chord s t a t i o n  downstream from a wing ' s  t r a i l i n g  edge. 
s h a l l  c o n s t r u c t  t h e  wake of  a n o n l i f t i h g  (symmetr ic)  py lon  by t a k i n g  t h e  
ave rage  o f  v e l o c i t y  d e f i c i t s  above and below t h e  wing p l a n e ,  t h e r e b y  
g e n e r a t i n g  a f i g u r e  similar t o  11.1 b u t  f o r  
W e  
I u (zC)+u(z - )  1 . 1 -  
2uf 
W e  s h a l l  a l s o  a d j u s t  t h e  d a t a  t o  g e n e r a t e  wake p r o f i l e s  a t  s t a t i o n s  o t h e r  
t h a n  t h e  3 2 % ' ~ ~  downstream p o i n t .  The p rocedure  w i l l  be t o  apply  S c h l i t c h t i n g ' s  
simple mixing-length model f o r  t h e  d i f f u s i o n  o f  t h e  two-dimensional  w a k e  
behind  a c y l i n d r i c a l  body. 
f a r  wake and of r e d u c t i o n  f o r  t h e  maximum v e l o c i t y  d e f i c i t  are r e s p e c t i v e l y  
p r o p o r t i o n a l  to  t h e  square-  and i n v e r s e  s q u a r e - r o o t  o f  d i s t a n c e  downstream 
of  t h e  o b j e c t .  
from J 1. 32cw/x and bw (x )  /bw32%-cw from Jx / l .  32cw, where bw h e r e  deno tes  t h e  "wake 
wid th"  and x t h e  d i s t a n c e  downstream measured from t h e  l e a d i n g  edge. By 
r e f e r e n c i n g  x t o  t h e  l e a d i n g  edge w e  g e n e r a t e  a wake p r o f i l e  s t i l l  f a i r l y  
s h a r p  a t ,  s a y ,  one f u l l  chord  downstream of t h e  t r a i l i n g  edge ( x ' 2 c W ) .  I f  
w e  used i n s t e a d  t h e  t r a i l i n g  edge o r  even t h e  mid-chord p o i n t ,  a more d i f f u s e  
p r o f i l e  would r e s u l t .  The s h a r p e r  p r o f i l e  i s  chosen because  it y i e l d s  
c o n s e r v a t i v e  e s t i m a t e s  f o r  t h e  b lade-passage  and h i g h e r  harmonics  o f  t o t a l  
p r o p e l l e r  t h r u s t .  
8 
H e  c a l c u l a t e s  t h a t  t h e  r a t e s  o f  widening f o r  t h e  
Thus w e  have t h a t  u(x,z=O)/u(x=32%cw,z=O) can be o b t a i n e d  
2. Upstream I n t e r f e r e n c e  by t h e  Winp 
I n  t h e  c a s e  o f  a t r a c t o r  p r o p e l l e r  t h e  ups t ream wing i n t e r -  
f e r e n c e  f o r  l i f t i n g  and n o n - l i f t i n g  wing f lows  a t  c r u i s e  w i l l  be computed 
by a p p l y i n g  p o t e n t i a l  t h e o r y  t o  t h e  a c t u a l  a i r f o i l  s e c t i o n  o f  i n t e r e s t .  The 
model u s e s  a w i n g  of i n f i n i t e  span and t h u s  i g n o r e s  wing- t ip  and f u s e l a g e  
e f f e c t s  a t  t h e  p r o p e l l e r  l o c a t i o n .  C o m p r e s s i b i l i t y  and wing sweep e n t e r  
t h e  c a l c u l a t i o n  through t h e  P r a n d t l - G l a u e r t  f a c t o r  JI-$cosZh, I M f  cosAw be ing  
t h e  component of f l i g h t  Mach number normal t o  t h e  w i n g ' s  l e a d i n g  edge. 
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Fig .  11.2 shows t h e  i d e a l i z e d  wing  p r o p e l l e r  sys tem f o r  t h e  ups t r eam 
i n f l u e n c e  ca lcu la t ion .  A l l  compl i ca t ing  s t r u c t u r e s  have  been removed f o r  
s i m p l i c i t y .  The p e r t u r b a t i o n  ve loc i t i e s  u* i n  t h e  d i r e c t i o n  normal  t o  
the w i n g ' s  l e a d i n g  edge  a re  r e a d i l y  found from classical  p o t e n t i a l  t h e o r y  , 
e.g., Ref. 8: t o  be, f o r  t h i c k n e s s  and l i f t i n g  f lows,  
- .  
C 
U 
- 3  2 
f IJ f cosAw ( X f ' X )  -tz 
(11.1) 
where c w i s  t h e w i n g  c h o r d ,  U f  t h e  f l i g h t  s p e e d ,  A 
Z =z 6 
I n  Eq. 11.2 Y=xf+iZf. 
on M f , B f  f denotes t h e  f l i g h t  speed  of t h e  a i r c r a f t .  
a i r f o i l ' s  t h i c k n e s s  ra t io  and g '  (x) i s  t h e  s u r f a c e  slope f u n c t i o n  from 
l e a d i n g  t o  t r a i l i n g  edge. We s h a l l  model o u r  wing a s  a f o u r - d i g i t  NACA 
a i r f o i l ,  f o r  which t h e  t h i c k n e s s  functi .on g '  is g i v e n ,  by 
t h e  w i n g  sweep, and 
where B f =  J1-14:cos2.\w, w i th  Mf=lJf/c , t h e  f l i g h t  Mach number. 
W 
f f f '  0 
and Z d e n o t e  f i e l d  p o i - n t s ;  f I Z f  I f The f s u b s c r i p t s  on x 





X + 4.2645 (-1 -2.030(-) 
C C 
W W 
( T I . 3 )  
F o r  t h e  above " rea l"  a i r f o i l  Eq. T I . ]  i s  i n s p p l i c a l i l c  1.f one's o b j e c t i v e s  
* 
are p r e s s u r e s  ( o r  u 1 i n  t h e  v i c i n i t y  of t h e  leading e d g e ,  e s s e n t i . a l . 1 ~  
because t h e  round nose  v i o l a t e s  t h e  smal 1 - d i s t u r b a n c e  assiimptj.on of  t h e  
t h e o r y .  T h i s  d e f e c t ,  however,  is l o c a l  and shou ld  n o t  ser ious1.y a f f e c t  t h e  
interference cal .cul .a t ion of  i n t e r e s t  h e r e .  Loadj.ng sol u t i o n s  f o r  an 
e l l i p t i c  a i r f o i l  d i s c u s s e d  by Van Dyke'', f o r  examp1.e , i .ndi .cate  t h a t  even  
though t h e  smal.l.-di.sturhance solut i .on fa1 1s a t  t h e  l ead inc j  e d g e ,  i . t  
n e v e r t h e l e s s  y i e l d s  t h e  correct i n t e r f e r e n c e  s e v e r a l .  nose r ad i . i  abiay. 
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I n  E q .  1 1 . 2  h '  i s  t h e  s l o p e  of t h e  mean-camber l i n e ,  f o r  a f o u r -  
d i g i t  a i r f o i l  given by 
h ' ( x )  = ( C .  (11.4)  
where x is p o s i t i o n  between l e a d i n g  and t r a i l i n g  edge  where t h e  camber 
d i sp lacemen t  has  i t s  maximum v a l u e  of y . I n  E q .  1 1 . 2  s t a n d s  
for a n g l e  of a t t a c k .  
a * 
a 
As w e  have s a i d ,  E q s .  11.1 and 1 1 . 2  give t h e  p e r t u r b a t i o n  ve loc i t ies  
i n  a d i r e c t i o n  normal t o  t h e  swept  l e a d i n g  edge.  O f  i n t e r e s t  h e r e  are 
co r re spond ing  q u a n t i t i e s  u , u  i n  t h e  d i r e c t i o n  normal  t o  t h e  p r o p e l l e r  
p l a n e ;  i n  terms o f  u t h e s e  are o b t a i n e d  from 
* t i  
e , t  
* 
u = u cosA t t w  
* 
u = u COSA e I I W  
( 11 .5 )  
(11.6) 
R e f e r r i n g  t o  Fig. 1 1 . 2 ,  w e  n o t e  t h a t  fie1.d p'oj.nts on t h e  propeller d i s k  
x and z f  are g iven  by f 
xf = xo +R s inAwcose  
f 
I x <o 
f 0 
(11 .7)  
(11.8) 
where t h e  v a l u e  o f  R r a n g e s  from Rh a t  t h e  p r o p e l l e r  hub t o  U t  a t  t h e  
p r o p e l l e r  t i p .  
S u b s t i t u t i n g  E q s .  I I . 7 , 8  w i t h  I I . 1 , 2  i n t o  E q s .  I I . 5 , 6  y i e l d s  t h e  t o t a l  
ups t ream i n t e r f e r e n c e  f i e l d  
* 
The p e r c e n t  chord v a l u e s  o f  y , xa  t a k e  up t h e  f i r s t  t w o  d i g i t s  o f  t h e  
4 - d i g i t  NACA d e s i g n a t i o n ,  and t h e  t h i c k n e s s  r a t i o  t h e  l a s t  t w o  d i g i t s .  
a NACA 2410 a i r f o i l .  h a s  ya/cw=.CJ7, x /c =.04, .r=.I.. 
Thus 
a w  
-1.4- 
normal t o  t h e  p r o p e l l e r  p l a n e  a s  expe r i enced  by t h e  b l a d e  s e c t i o n  a t  r a d i a l  
p o s i t i o n  R as it t ravels  from 8=0 t o  8=2n. 
C. Unsteady-Aerodynamic Model f o r  P r o p e l l e r  
1. Genera l  Coupl ing Between V e l o c i t y  and L i f t  -- 
The nonuniform inf low f i e l d  a t  t h e  p r o p e l l e r  p l a n e ,  whe the r  
caused  by ups t ream i n t e r f e r e n c e  o r  by t h e  p y l o n ' s  wake, i s  now e x p r e s s e d  a t  
e v e r y  r a d i a l  s t a t i o n  a s  a s u p e r p o s i t i o n  o f  c i r c u m f e r e n t i a l  g u s t s :  
a 
-im0 






On t h e  r o t a t i n g  frame o f  t h e  p r o p e l l e r  t h e  speed  of t ravel  for e a c h  
of t h e  above g u s t s  i s  U(R)=ilRfR&W-Rt;R is blade r o t a t i o n a l  speed  i n  r a d i a n s /  
sec, and t h e  phase  f a c t o r s  i n  Eq. 11.10 become m ( 0 . 4 t )  for  t h e  j th p r o p e l l e r  
b l a d e  t u r n i n g  i n  t h e  c lockwise  d i r e c t i o n  ( 8  i s  d e f i n e d  p o s i t i v e  i n  t h e  
counter -c lockwise  d i r e c t i o n ) .  I n t e r p r e t i n g  a n g u l a r  d i s p l a c e m e n t s  i n  t e r m s  
of local arc l e n g t h ,  w e  have t h a t  
3 
where k ( R ) = m / R  becomes t h e  g u s t  wavenumber v a l u e  a t  r a d i u s  R , A ( R )  i s  t h e  
local  blade sweep a n g l e ,  x,,cosA=O t h e  blade-based o r i g i n  o f  t h e  l o c a l l y  
r e c t i l i n e a r  c i r c u m f e r e n t i a l  d i r e c t i o n l a n d  s i s  t h e  l o c a l  spanwise ,  o r  r a d i a l ,  
c o o r d i n a t e .  The s i t u a t i o n  f o r  a t y p i c a l  r a d i a l  s t a t i o n  is  p o r t r a y e d  i n  F i g . I I . 3 .  
m 
I f  t h e  b l a d e  sweep ' s  " r a d i u s  of c u r v a t u r e "  is much g r e a t e r  t h a n  t h e  
a c o u s t i c  wavelength  everywhere between hub and t i p  it shou ld  be p o s s i b l e  t o  
a n a l y z e  each  r a d i a l  b l a d e  p o s i t i o n  as a l o c a l l y  s t r a i g h t  p l an fo rm p a s s i n g  
th rough  a g u s t  o f  wavelength  2nR/m convected  a t  l o c a l  Macli n u m b e r  M ( R ) = n R / c  
a t  l o c a l  b l a d e  sweep A ( R ) .  F ig .  11 .4  shows how t h e  l a t t e r  is g e o m e t r i c a l l y  
d e f i n e d  and c a l c u l a t e d .  We s h a l l  c o n s i d e r  a f ami ly  o f  r a d i a l  sweep d i s t r i -  






2 2 2  
t - Y t  
R = dEi* +[y(R*) 1 2 ,  R;= R (11.14) 
where as i n d i c a t e d  i n  F ig .  1 1 . 5  y 
t i p  re la t ive t o  t h a t  were t h e  blade n o t  swept ;  y =O i n  t h e  a n a l y t i c a l  
model cor responds  t o  unswept blades.  From Eq. 11.13  and F i g .  11.5 w e  have  t h a t  
i s  t h e  in -p lane  p o s i t i o n  of t h e  b l a d e  t 
t 
A (R) = A (  / R * ~ + Y ~ )  = tan-’ i a y  (R*)  1 - t a n  -1. ly/Rl 
a R* (11.15) 
We t e m p o r a r i l y  pos tpone  f u r t h e r  d i s c u s s i o n  of d e t a i l s  of t h e  uns t eady  
aerodynamic c a l c u l a t i o n  and fo r  now s imply  observe t h a t  i t s  goal i s  t o  
y i e l d  a v a l u e  of modal t h r u s t  T 
gust  m. 
be g iven  by 
f o r  each  of t h e  N blades c u t t i n g  th rough  m 
For  t h e  jth blade t h e n ,  t h e  t i m e  h i s t o r y  of uns t eady  l o a d i n g  would 
a 
- i m ( 0 , 4  t )  
(11.16) 7 T ( t )  = Tm e 
m=-m 
where T i s  p r o p o r t i o n a l  t o  u . Taking  0 =2n(] - l ) /N,  j=1 ,2 .  .. , N  f o r  N 
e q u a l l y  spaced  b l a d e s ,  w e  o b t a i n  t h e  t o t a l  p r o p e l l e r  t h r u s t  a s  
m m j 
t o t  N 
T ( t )  = T j ( t )  
j = 1  
(IT:. 17)  
S u b s t i t u t i n g  Eq. 11.16, i n t e r c h a n g i n g  o r d e r s  of summation, and n o t i n g  t h a t  
5 e-im2n ( j - l ) / N  
j=1 
0 i f  m#mult iple  of N = I  N i f  m=mult iple  of N 





where N Q  i s  t h e  b lade-passage  f requency;  TmN i s  p r o p o r t i o n a l  t o  u 
from Eq. 11.11: 




Q u a n t i t i e s  NT f o r  m=1.,2.. . , r e p r e s e n t  t h e  p r o p e l l e r  . t h r u s t  harmonics  
of pr imary  i s s u e  h e r e .  The cor responding  g u s t  wavenumbers of i n t e r e s t  are 
k ( R ) = m N / R ,  e tc .  
mN 
mN 
2.  C a l c u l a t i o n  o f  Nodal Blade S e c t i o n a l  T h r u s t s  
The s e c t i o n a l  t h r u s t  ( l b / f t )  a t  r a d i a l  s t a t i o n  R co r re spond ing  
t o  g u s t  wavenumber:k i s  g iven  by ( g u s t  i n t e r a c t i o n -  and sweep a n g l e s  b o t h  equalA1:  
mN 
-1k-s  
S - 2nbp Ucos hu e 
m N :  
B J k m b  cosA/t3 2 + p  -T i R j  = mN 
w i t h  
+ - 1-i - ~ * ( 4 p ) ]  
2 
(11.21.) 
( 1 1 . 2 2 )  * 
1- i 
2 
* The l a s t  t w o  terms o f  Eq. 1 1 . 2 2 ,  - E * ( 4 p ) ,  appea r  m i s p r i n t e d  i.n Ref. 5 




2 3  
kmbM cos A 




w i t h  A=A ( R )  g iven by Eq. 11.15 ; b=b(R) i s  t h e  r a d i a l l y  v a r y i n g  blade 
semichord ;  a g a i n ,  
background d e n s i t y .  E ( a )  denotes  a F r e s n e l  i n t e g r a l  of argument a ;  




as  a+-) (11.25)  (-+ - 2 
it 
so t h a t  i t s  con juga te  E* i s  g iven  by 
1 d t  e'it E * ( a )  = - as  a-) (-+ - 2 ( 1 1 . 2 6 )  
- i k  s 
S The e x p o n e n t i a l  f a c t o r  e i n  E q . 1 1 .  21. keeps  t r a c k  of t h e  r e l a t ive  phase  
of sec t iona l  l o a d s  f o r  d i f f e r e n t  p o s i t i o n s  a l o n g  t h e  b l a d e  r a d i u s .  R e f e r r i n g  
t o  Fig .  11. 3 f o r  t h e  s t r a i g h t  b l a d e  i n  r e c t i l i n e a r  f l i g h t ,  t h e  q u a n t i t y  
s . sinA deno tes  t h e  flow d i r e c t i o n  p r o j e c t i o n  of t h e  spanwise  d i - s t a n c e  
between t w o  b lade  p o i n t s .  The phase  f a c t o r  shou1.d t h e r e f o r e  be l-jk t ) . s . s j t i A ]  
o r  e x d - i k  s) with k =k hsinA. I n  t h e  s t a n d a r d  l i t e r a t u r e  t h e  spanwise  
c o o r d i n a t e  s u s u a l l y  carries t h e  symbol "y" so t h a t  expf-i .k-st  i s  
e d  - i"k  y " )  , w i t h  "k y" = k  bsinAy i n  agreement  w i t h  t h e  above argument .  
mN 
S S m N  
b 
Y Y mN 
The exp C-ik s} f ac to r  w i l l  be s i m u l a t e d  h e r e  by ana logy  t o  t h e  
S 
r e c t i l i n e a r  case .  The arc l e n g t h  d i f f e r e n c e  i n  t h e  d i r e c t i o n  of t h e  i n -  
coming c i r c u m f e r e n t i a l  g u s t  between r a d i a l  s t a t i o n  R and t h a t  a t  t h e  hub is  
Rsin  'y/R, w i t h  y g i v e n  by Eq. 11.13. 
- 
The phase  f a c t o r  t h e r e f o r e  becomes 
(11 .27)  
The s l i g h t  r e l a t i v e  s h i f t  i n  center of p r e s s u r e ,  o r  l i f t  (1/4 chord  f o r  
s t e a d y  l i f t ) , d u e  t o  t h e  v a r i a t i o n  i n  c i r c u m f e r e n t i a l  Mach number and g u s t  
wavenumber from b l a d e  hub t o  t i p  w i l l  n o t  be t a k e n  i n t o  a c c o u n t  (cf .  d i s c u s s i o n  
i n  Ref. 4 ,  p. 2 4 ) .  
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F i n a l l y ,  w e  wish t o  modify t h e  basic s e c t i o n a l  t h r u s t  d i s t r i b u t i o n  - 
t o  account for t h e  J R  -R load dropoff  as R approaches t h e  t i p .  Thus t 
w e  choose a v a l u e  of R=R where the  s e c t i o n a l  t h r u s t  w i l l  a c h i e v e  
approximate ly  i t s  maximum v a l u e ,  say a t  
e f f  
R = \ + 75%(Rt-\) (11.28) e f f  
- .  
and d e f i n e  t h e  t o t a l  blade t h r u s t  harmonic T f o r  use  i n  E q s .  I I . 1 6 , 1 9  
mN 
as fo l lows:  
where e denotes l e n g t h  a l o n g  t h e  b lade  and 
for R R < _  R e f f  
h 
G ( R )  = - 
t l(ao+alR) 4 R;-R f o r  R e f f  <_ R L  R 
w i t h  
1 + Re f f  
t e f f  
a = -  
3/2 




a =  1 






are determined from t h e  c o n t i n u i t y  requi rements  f o r  the o t a l  C o n s t a n t s  a 
s e c t i o n a l  l o a d  and its s l o p e  a t  R e f f '  
- 19- 
D. A p p l i c a t i o n  o f  Model 
1. P r o p e l l e r / A i r c r a f t  Geometry 
F igu res  'EI.Ga,b show f r o n t  views r e s p e c t i v e l y  o f  a Hamilton 
* 
The i n d i c a t e d  d i -  S t a n d a r d  propfan p r o t o t y p e  and of one o f  i t s  b l a d e s .  
mensions are approximate p r o j e c t i o n s  on t h e  p r o p e l l e r  p l a n e  of a c t u a l  
p r o p e l l e r  chord w i d t h s ,  e tc .  Our c a l c u l a t i o n s  w i l l  be based on them. ' 
The b l a d e  sweep d i s t r i b u t i o n  from hub t o  t i p  uses  t h e  midchord c u r v e  
shown i n  F i g .  I I .6b;  i n  a p p l y i n g  t h e  model e a r l i e r  d e s c r i b e d  and d e p i c t e d  
i n  F ig .  I I . 4 , 5  w e  found a c u r v e . w i t h  t h e  power n=3 a d e q u a t e  f o r  t h e  
present  case. 
F i g .  11.7 shows t o p  and s i d e  views o f  t h e  i n s t a l l a t i o n  geometry f o r  
a Gu l f s t r eam- I1  a i r c r a f t ,  and dimensions drawn f o r  o u r  c a l c u l a t i o n s .  
U n f o r t u n a t e l y ,  w e  were unab le  t o  obta in  s i m i l a r  s c h e m a t i c s  f o r  a pylon- 
mounted p r o p e l l e r :  o u r  c a l c u l a t i o n s  f o r  t h i s  c a s e  are h e r e  based  on 
assumed p r o p e l l e r  locat ions downstream i n  terms o f  py lon  chords .  W e  u s e  
t h e  3 2 % ~ ~  and 100% cw wake p o s i t i o n s  a s  measured from t h e  p y l o n ' s  t r a i l i n g  
edge. 
2 .  - Models o f  I n c i d e n t  V e l o c i t y  F i e l d s  
(a )  Wake S i z a t u r e s  for Wing o r  Pylon 
F i g .  11 .0  shows t h e  r e s u l t  o f  f i t t i n g  a t w o  s i d e d  
Gauss i an  t o  the  wake  measurements shown i n  F i g .  11.1 €or a l i f t i n g  
a i r c r a f t  wing, and model led v e l o c i t y  d e f i c i t s  e x p e r i e n c e d  by t w o  r a d i a l  
p o i n t s  on t h e  p r o p e l l e r  i n  t h e i r  c i r c u m f e r e n t i a l  t r a j e c t o r y .  The f i g u r e  
appl ies  t o  a p r o p e l l e r  w i t h  ax i s  l y i n g  on t h e  p l a n e  o f  t h e  wing,  which 
e x t e n d s  i n  t h e  spanwise sense on bo th  s i d e s  o f  t h e  p r o p e l l e r .  Only t h e  
0=n s p i k e  w i l l  be  used €or a n o n l i f t i n g  py lon ,  and t h e n  symmetrized 
a b o u t  i t s  maximum v a l u e .  The s i g n a t u r e  f e l t  by t h e  b l a d e  s e c t i o n  near 
t h e  hub (R is wider  t h a n  t h a t  a t  R e f f G . 8  R 
n t i p  
t a k e s  up t h e n  a g r e a t e r  f r a c t i o n  of t h e  t o t a l  t r a j e c t o r y .  
because  t h e  e f f e c t i v e  wake 
As a f u r t h e r  i l l u s t r a t i o n ,  F i g .  11.9 shows t h e  s i t u a t i o n  f o r  a p u s h e r  
wing-mounted p r o p e l l e r  w i t h  a x i s  a t  a d i s t a n c e  above t h e  wing @Lane 
c o r r e s p o n d i n g  t o  t h a t  o f  t h e  Gulfs t ream-11 nace l . l e  (a l . thouyh a p u s h e r  
* I. L o e f f l e r ,  NASA L e w i s  Research C e n t e r ,  p e r s o n a l  communication. 
-20- 
wing-mounted p r o p e l l e r  i s  p r e s e n t l y  n o t  a c a n d i d a t e  c o n c e p t ,  w e  examine 
it also f o r  comple t eness ) .  
(b) Upstream I n t e r f e r e n c e  f o r  Wing 
Fig .  11.10 shows p r e d i c t e d  i n t e r f e r e n c e  wing f lows  f o r  
The t o p  i n s e r t  t h e  c i r c u m f e r e n t i a l  t r a j e c t o r y  o f  R=Reff=.79 Rtips3.5 f t .  
shows b o t h  t h e  c r o s s - s e c t i o n  o f  the-Gulfs t ream-I1  wing i n  a p l a n e  p a r a l l e l  
t o  t h e  f l i g h t  d i r e c t i o n ,  a r id the  e q u i v a l e n t  4 - d i g i t  NACA a i r f o i l  s e c t i o n  i n  
a p l a n e  roughly  p e r p e n d i c u l a r  t o  t h e  l e a d i n g  edge ( n o t e  F i g .  1 1 . 7 ) ;  
y /cW=.013, x /cw=.19, t h i c k n e s s  r a t i o  ?=lo%. 
t h e  a n g l e  of a t t a c k .  
(middle  s k e t c h  and F ig .  I I . 2 a ) .  N o n l i f t i n g  i n t e r f e r e n c e  is  always n e g a t i v e ;  
i t  is maximum a t  8=0. L i f t i n g  interference i s  p o s i t i v e  above t h e  wing 
(because  t h e  l i f t  is p o s i t i v e )  and negative below; it v a n i s h e s  i d e n t i c a l l y  
a t  t h e  t w o  p o i n t s  where t h e  R=K c u t s  t h e  ex tended  p i a n e  of t h e  wing. 
Frequency/Mach Number Regime o f  V a l i d i t y  
F ig .  11.11 shows t h e  sweep d i s t r i b u t i o n  of t h e  midchord 
* 
0 A v a l u e  o f  1 . 5  w a s  t aken  f o r  
a a 
P o i n t  8=0 i s  i n b o a r d  and a x i a l l y  closest t o  t h e  wing 
e f f  
3. 
cu rve  t r a c e d  o u t  i n  F ig .  I1.6b. The o t h e r  c u r v e  i s  a p l o t  o f  Eq.  11.24.  
A f t e r  comparing approximate  r e s u l t s  w i t h  o t h e r  more r i g o r o u s  c a l c u l a t i o n s ,  
A m i e t  ( R e f .  5, p.  1078) h a s  de te rmined  t h a t  Adamczyk's h igh- f requency  
t h e o r y  for a leading-edge  f l a t  p l a t e  p a s s i n g  th rough  a g u s t  a t  z e r o  a n g l e  
of a t t a c k  shou ld  be r e a s o n a b l y  a c c u r a t e  f o r  l l>I i /4 .  If t r a i - l i n g - e d q e  e f f e c t s  
a r e  i n c l u d e d  ( a s  w e  have done h e r e ) ,  he s t a t e s  t h a t  t h e  r e s u l t s  app ly  
. -  
beyond a much lower  v a l u e  of p .  As f a r  a s  c o m p r e s s i b i l i t y  and f r equency  
e f f e c t s  i n  t h e  p r o p e l l e r  p l a n e  a r e  concerned ,  w e  concl.ude t h a t  t h e  11 c u r v e  
i n  F ig .  11.11 conf i rms  t h e  need and r e l e v a n c e  of t h e  noncompact aerodynamic 
model b e i n g  a p p l i e d .  The v a l u e s  shown co r re spond  t o  t h e  fundamenta l  
Nn-226 Hz (m=l, N=8). 
4. P r e d i c t e d  Blade Loadings and T o t a l  P r o p e l l e r  T h r u s t  
(a)  Pusher  P r o p e l l e r s  
F i g s .  I I - l Z a , b  are f o r  a pushe r  p r o p e l l e r  on an i n b o a r d  
n o n l i f t i n g  pylon  a t  32% and 100% chords  downstream of t h e  t r a i l i n g  edge. 
The a x i s  o f  t h e  p r o p e l l e r  c o i n c i d e s  w i t h  t h e  midplane  o f  t h e  py lon .  
f i g u r e  shows t w o  cu rves :  t h e  wake f i e l d ' s  fundamenta l  harmonic a s  a 
* W.E. Arndt ,  R.W. Nazarowski, Lockheed Georgia  C o . ,  p e r s o n a l  communication. 
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Each 
f u n c t i o n  of r a d i a l  p o s i t i o n ,  ( R )  =u,(R) ; and t h e  co r re spond ing  s e c t i o n a l  
b l a d e  t h r u s t  as g iven  by t h e  i n t e g r a n d  o f  E q .  11.29. The 32%-c downstream 




w i t h  t h e  l a r g e s t  d i f f e r e n c e s  a p p e a r i n g  a t  t h e  hub s t a t i o n .  
t o t  
mN 
F igs .  11.13, 1 4  show p r e d i c t e d  harmonics  of t o t a l  t h r u s t  T - .  
(Eq.  11.19) f o r  t h e  t w o  cases o f  Fig.  I I . l . 2 a , h  The 32-dB leve l  f o r  t h e  
fundamental  cor responds  t o  a 40-lb f o r c e  a c t i n g  a l o n g  t h e  p r o p e l l e r  a x i s .  
Major d i f f e r e n c e s  between 32%-c and l O O % - c  c u r v e s  appea r  t o  be pos tponed  
W W 
t o  h i g h e r  f r equenc ie s .  
F igs .  I I . l S a , b  show r e s u l t s  f o r  t h e  unpursued concep t  of a wing- 
mounted pushe r  p r o p e l l e r ;  t hey  co r re spond  t o  p r o p e l l e r s  w i t h  (a )  a x i s  on 
t h e  wing p l a n e  and,  (b) ax is  elevated 1.78 f t  above t h e  wing p l ane .  The 
a x i a l  p r o p e l l e r  l o c a t i o n  i s  32%-chord downstream from t h e  t r a i l i n g  edge.  
The roughly  doubled v a l u e s  i n  F ig .  I I . 1 5 a  r e l a t i v e  t o  t h o s e  i n  F i g .  II.12a 
ref lect  m o s t l y  t h e  more e f f e c t i v e  c o u p l i n g  t h a t  e x i s t s  f o r  t h e  "two-per- 
rev" wing over t h e  once-per - rev  py lon ,  g iven  t h a t  t h e  number of p r o p e l l e r  
blades i s  even ( 8 ) .  F ig .  I I .1Sb f o r  t h e  raised p r o p e l l e r  d i s p l a y s  a f a i r l y  
e r r a t i c  behav io r  i n  fundamental  harmonic o f  i n c i d e n t  v e l o c i t y  f i e l d  (and  
a s s o c i a t e d  s e c t i o n a l  t h r u s t )  . 
Figs .  11.16 and 17  show co r re spond inq  p r e d i c t i o n s  of t o t a l  t h r u s t  
harmonic con ten t .  
co r re sponds  t o  a 70-lb f o r c e .  The reducsd  v a l u e  f o r  2 2 6  IIz i.n F l y .  T T . 1 7 b  
can  be a t t r i bu ted  t o  t h e  r e l a t i v e l y  poor  c o u p l i n g  some r a d i a l  s t a t i o n s  
have  t o  t h e  ath F o u r i e r  modal number ( F i g .  11. L5b).  
The 38-dB v a l u e  f o r  tlie fundamental i n  t h e  zo =O ( : x C  
f 
(b)  T r a c t o r  P r o p e l l e r  on a Gu l f s t r eam- I1  Wing 
Fig .  11.18 shows t h e  p r o p e l l e r  a i r l o a d  r e s p o n s e  t o  t h e  
combined l i f t i n g  and n o n l i f t i n g  f lows  o f  F ig .  1 T . l C I .  The e x t r e m e l y  low 
v a l u e s  ( -48  dBz4x10 l b )  s u g g e s t  t h a t  t h i s  mechanism w i l l  n o t  be s i g n i f i c a n t .  
The r e d u c t i o n s  i n  level have t w o  c a u s e s :  f i r s t ,  t h e  maximum i n t e r f e r e n c e  
ampl i tudes  a r e  l o w  r e l a t i v e  t o  t h o s e  f o r  t h e  wakes p r e v i o u s l y  examined,  s a y  
2-3% vs 20-25%; t h i s  d i f f e r e n c e ,  however, would a c c o u n t  €or o n l y  2 0  dB 
r e l a t i v e  t o  t h e  wake r e s u l t s .  More s i g n i f i c a n t l y ,  o f  c o u r s e ,  i s  t h a t  t h e  
- 3  
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p r o p e l l e r  is s u f f i c i e n t l y  removed i n  t h e  ups t ream d i r e c t i o n  t h a t  t h e  
i n t e r f e r e n c e  s i g n a t u r e  i s  a ve ry  smooth f u n c t i o n  o f  8 a t  a l l  r a d i a l  
s ta t ions .  S ince  t h e  response  couples  o n l y  t o  m u l t i p l e s  o f  t h e  funda- 
menta l  F o u r i e r  c o u n t e r ,  which i s  high due t o  t h e  number o f  b l a d e s ,  it 
would appea r  t h a t  l o w  levels are  v i r t u a l l y  gua ran teed  f o r  t h i s  mechanism. 
.- . 
E. P r e d i c t e d  B e n e f i t  o f  a Large Number o f  Blades  i n  Reducing Harmonic 
P r o p e l l e r  T h r u s t  
E q s .  11.19 and 2 1  p o i n t  out  t h a t  t h e  t h e o r e t i c a l  t o t a l  uns teady  
p r o p e l l e r  t h r u s t  i s  p r o p o r t i o n a l  t o  p ( R R ) w  (kNb) .N.Blade A r e a ,  where -1 
- 
mN 
P = W a e f f /  ( Q R e f f )  =mNbeff/Reff , an e f f e c t i v e  or  average reduced f requency .  
W e  have assumed t h a t  i t s  va lue  i s  s u f f i c i e n t l y  h igh  t o  approximate Eq. 1 1 . 2 1  
by i t s  high-frequency asymptote ,  i.e., w i th  E * = ( l - i ) / 2 ,  etc. I f  w e  now 
w r i t e  w ..=a OR, where aeff  is an  e f f e c t i v e  i n s t a n t a n e o u s  a n q l e  o f  a t t a c k  
i n  t h e  q u a s i - s t e a d y  aerodynamic sense ,  i t  fo l lows  t h a t  t h e  uns teady  t h r u s t  
harmonic f o r  t h e  p r o p e l l e r  is  p r o p o r t i o n a l  t o  p ( Q R )  (k b) .N.Blade Area. 
e f f  
m N m N  mN 
2 -  -1 
mN 
Now,  t h e  co r re spond ing  q u a n t i t y  f o r  t h e  d e s i g n  s t e a d y  t h r u s t  may be  
2 2 2  s i m i l a r l y  w r i t t e n  as p[Uf+Q R ].N.Blade Area.; 
s p a t i a l l y - a v e r a g e d  l i f t  c o e f f i c i e n t  f o r  each  b l ade .  
w e  t h e r e f o r e  o b t a i n  t h a t  t h e  r a t i o  o f  harmonic p r o p e l l e r  t h r u s t  t o  p r o p e l l e r  
d e s i g n  t h r u s t  i s  p r o p o r t i o n  a1 t o  
where 'c 1s an e f f e c t i v e  o r  L' L 
W i t h  RR/rJf=O (1) , 
1 
N 
u -  ( T T .  3411) 
a v a n i s h i n g  q u a n t i t y  f o r  h igh  N f o r  a fami.ly o f  p r o p e l l e r  d e s i g n s  which keeps  
performance t h r u s t  c o n s t a n t .  Having a l a r g e  number  o f  h l a d e s  t h e r e f o r e  makes 
s e n s e  from t h e  p e r s p e c t i v e  o f  p r o p e l l e r  uns teady  aerodynamics.  
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111. PREDICTIONS OF WING AIRLOADS INDUCED BY A PROPELLER WAKE 
A. I n t r o d u c t i o n  
The model f o r  t h e  p r o p e l l e r  wake w i l l  h e r e  be e s s e n t i a l l y  t h e  
A sys t em of r o t a t i n g  s t r a i g h t  p o t e n t i a l  same w e  developed i n  Re.f. 11. 
vortices,  one  f o r  e a c h  blade, r a d i a l l y  l o c a t e d  a t  t h e  p r o p e l l e r  t i p  
p o s i t i o n s .  The p a t h ,  o r  p o s i t i o n ,  o f  t h e  vortices i s  assumed u n a f f e c t e d  
by t h e  p r e s e n c e  o f  t h e  wing -- u n l i k e  i n  more s o p h i s t i c a t e d  t r e a t m e n t s '  
by Hardin  and Mason,12 of a s imi la r  s i t u a t i o n  a t  l o w  s p e e d ,  and by Lindblad ,  
f o r  h i g h  speed.  Also, w e  t a k e  e a c h  v o r t e x  t o  be a l i g n e d  w i t h  t h e  f r e e s t r e a m  
d i r e c t i o n ,  so t h a t  induced  v e l o c i t i e s  over t h e  wing chord  a re  c o n s t a n t .  
- .  
1 3  
Even f o r  t h i s  s imple  r e p r e s e n t a t i o n  t h e  sys t em w i l l  b e  s e e n  t o  induce  
a f a i r l y  compl ica ted  uns t eady  downwash d i s t r i b u t i o n  as f u n c t i o n  of spanwise  
l o c a t i o n .  I n  Ref. 11 w e  ci ,rcumvented t h e  development  of a t h e o r y  t h a t  
would coup le  wing s e c t i o n a l  a i r loads  due  t o  s u c h  a n  i n f l o w  by a r g u i n g  t h a t  
a t  h i g h  speeds IM=. 8) and reduced  f r e q u e n c i e s  i n d i v i d u a l  spanwise  s t a t i o n s  
s h o u l d  react l o c a l l y ,  i n  a s t r i p - t h e o r y  o r  l i f t i n g - l i n e  s e n s e ,  because  
noncompactness  e f f e c t s  s h o u l d  t h e n  t e n d  t o  c o n c e n t r a t e  uns t eady  a i r loads  
a t  t h e  w i n g ' s  l e a d i n g  edge. I n  t h e  p r e s e n t  s t u d y  w e  remove t h i s  approx i -  
mat ion.  Now d i f f e r e n t  wing s e c t i o n s  are allowed t o  i n f l u e n c e  each  o t h e r ,  
and t h e  computed a i r load  a t  each  p o i n t  on t h e  wing s u r f a c e  depends  on t h a t  
a t  e v e r y  o t h e r  p o i n t .  The wing remains  unswept and o f  c o n s t a n t  chord .  The 
model i s  a p p l i e d  t o  t h e  Hamil ton S tanda rd  p rope l l e r /GuL€s t r eam IT wing 
combina t ion .  
B. P r o p e l l e r  Wake Model and Wing Aerodynamics 
1. Analys is  of Downwash 
F i g u r e  111.1 shows t h e  w a k e  model. Each v o r t e x  c o n t r i b u t e s  a 
downwash f i e l d  on t h e  wing p l a n e  g iven  by 
w i t h  o t  0 
e q u a l l y  spaced  v o r t i c e s  i s  
= R  cosflt, h =Rts inRt ;  so t h a t  t h e  t o t a l  i n f l u e n c e  o f  t h e  N s t r a i . gh t ,  
where y and 'i s t a n d  f o r  a / b , R  /b, wi th  wing semichord b assumed c o n s t a n t .  t 
The a n a l y s i s  t o  o b t a i n  t h e  cor responding  harmonics  b e g i n s  w i t h  an 
i a  i d e n t i t y  i n v o l v i n g  t w o  a r b i t r a r y  complex numbers ,=eiB , z=re 
R e f .  14). 
(e. g. , 
r .  
* 2 
1- r - z - + - -  
T-2 * * 
T -z l+ r2 -2 rcos  ( a - ~ )  
(111 .2)  
where * d e n o t e s  con juga te .  
F o r  r c l  w e  may now express the  l e f t  hand s i d e  of Eq. 1 1 1 . 2  as 
m 
S i n c e  f ,  t h e  magnitude of 2 ,  is by d e f i n i t i o n  p o s i t i v e ,  t h i s  r e l a t i o n s h i p  - 
i s  immedia te ly  a p p l i c a b l e  t o  t h e  range % y / k l .  
-6 = 2n(k-1) , and pe r fo rming  some a l g e b r a  one  f i n d s  t h a t  
Thus, l e t t i n g  y/R=r, Rt=a,  
1J 
m 
m- 1 2n (k-1) I 
2n (k-1) 
N 
= - z (y/R) c o s m f a t +  .. 1 
y/R-cos [ R t  + 
m= 1 1 
11 
( T T T .  3 )  
By a s imi la r  c a l c u l a t i o n  f o r  r> l  t h e  l e f t  hand s i d e  of Eq. 1 1 1 . 2  t a k e s  
t h e  form 
1 
" I  
00 cosm(a-8) 
and fo r  l<y/R<-  w e  f i n d  t h a t  
1 2n (k-1) N cosm[Qt + 
2 n ( k - l )  
N .  
y/R-cos [ R t  + 
(111.4)  = Z  
(y/R) m+l m= 0 
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I f  t h e  c o s i n e s  on t h e  r i g h t  s i d e s  o f  E q s .  
o u t r  and t h e  sum 
I T I . 2  and TTI.4 are now expanded 
i s  i n t e r c h a n g e d  w i t h  Z ,  t h e  f o l l o w i n g  t w o  f a c t o r s  a p p e a r  k m 
2mm (k-1) N c c o s [  k = l  Z s i n [ y - -  1 ;  2~1m(k- l )  
N 
k= 1 
t h e  f irst  o f  which i s  zero u n l e s s  m is a- m u l t i p l e  o f  N ,  and then  it e q u a l s  N. 
The second sum is i d e n t i c a l l y  zero. 
for  example,  t h a t  t h e  r i g h t  s i d e  o f  E q .  111. 3 becomes 
These c o n c l u s i o n s  may be used  t o  f i n d ,  
-N (y/R)Nm-lcosmNfit m- 1 
The simple man ipu la t ions  used t o  o b t a i n  t h e  series e x p r e s s i o n  of w f o r  - 
O<y<m may b e  adapted t o  t h e  negative r a n g e s  -l<y/R<O, -m<y/R<-l. One w r i t e s  
2 1- r 2 1- r - 
- 2  
l+r2-2rcos(a-~)  l+r -2 (-r)  cos ( a - ~ + n )  
2n(k-1) + TI i n  t h e  p r e v i o u s  2n (k-1) 
N by N and t h e n  r e p l a c e s  y by -y>O and 
r e s u l t s .  
The f i n a l  se r ies  r e p r e s e n t a t i o n s  f o r  w=w(t,-m<y<+ are found t o  be 
where v =2 o r  1 f o r  m=O, m#O, r e s p e c t i v e l y ;  Kronecker  d e l t a  6 o m  e q u a l s  1 
when m=O and i s  z e r o  o t h e r w i s e .  I d e n t i f y i n g  w ( y )  i n  t h e  above ,  w e  have 





- - ~ l m j + l  
(-1) I m l  +I (R) - m < y  <-R 
-Y 
(111.6) 
As d i s c u s s e d  i n  Ref .11 ,  it i s  of i n t e r e s t  t o  n o t e  t h a t  t h e  harmonic - 
decomposi t ion  i n  Eq. 111.5 y i e l d s  a nonzero  v a l u e  f o r  w ( lyl  >R) . 
"static" component of downwash would affect  t h e  s t e a d y  per formance  of t h e  
wing. 
T h i s  
0 




of t h e  above; w e  o b t a i n  
(111.7) 
+ .*}I (111.8) 
15 
where s i ( z )  is d e f i n e d  as 
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The q u a n t i t y  i n  l a r g e  s q u a r e  b r a c k e t s  i s  r e a l ;  it is odd i n  X f o r  even 
v a l u e s  o f  mN and even i n  X f o r  odd mN. Since  t h e  e x p o n e n t i a l  f a c t o r  o u t s i d e  
e q u a l s  (-1) (Nlm’+1) ’2  i f  Nm i s  odd and i(-l)N1ml/2 f o r  even Nm, it f o l l o w s  
t h a t  i n  g e n e r a l  - .  
(111.9)  
where * d e n o t e s  complex c o n j u g a t e ,  i n  agreement  w i t h  t h e  o b s e r v a t i o n  based  




f o r  Nm even or  (1II . lOa)  
I -nl 
i . e . ,  t h a t  Eq. T I I . . l O a  i s  odd i n  X whi le  I I I . l O b  is even i n  A .  
2 .  Aerodynamic Response 
The harmonics  of t h e  downwash d i s t r i b u t i o n  of a s i n g l e  
p r o p e l l e r  have been shown t o  be a lways  odd abou t  t h e  p r o p e l l e r  a x i s  if 
t h e  number o f  b l ades  i s  even ,  and e i t h e r  even or odd (deL)endincJ on whether  
Nm is odd o r  even) when t h e  number o f  b l a d e s  i s  odd. 
The boundary-value problem f o r  t h e  p e r t u r b a t i o n  v e l o c i t y  
p o t e n t i a l  Q ( x , y , z , t )  on t h e  frame o f  r e f e r e n c e  o f  t h e  wing is  
2 2  a 2  a 2  
ax ay az  
.( 4 + - + 7) + G- EA =o f o r  a l l  x l y l z  




DQI -(x>;!,y,o,t)=O D t  (111.1.3) 
a 
where c 
semichord b. We now let 





as r e q u i r e d  by Eq .  111.5;  a l so ,  with cr;=mNQ, k=wb/U, and y=kM/B , w e  
l e t  
and o b t a i n  t h a t  
2 *  2 *  2 *  
a @ m N  2 *  
+ y  @ m = o  a @ m N  a @ m N  
a x  a w 2  acezl2 
+-+ -  
F i n a l l y ,  l e t t i n g  Bzrz and 
* 
-00 
t o  conform w i t h  Eq .  111 .7 ,  y i e l d s  
w -ipMx - *  mN e 
B aamN (O<x<2,0)=-  az 
a - *  ik + -)Q (xL2 ,0 )=0  '7 ax mN 
where 
(111.14)  




( 1 1 1 . 2 1 )  
( 1 1 1 . 2 2 )  
(111.23)  
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t h e  l a t t e r  e q u a l i t y  a c t u a l l y  b e i n g  a consequence o f  t h e  c h o i c e  of b ranch  
2 c u t s  fo r  w>O t o  s a t i s f y  t h e  r a d i a t i o n  c o n d i t i o n  ( fo r  P >O i s  assumed t o  
have  a small n e g a t i v e  imaginary  p a r t  which becomes l a r g e  when !J < O ) .  - 2  
S i n c e  t h e  p r o p e l l e r  wake model u s e s  s t r a i g h t  vortices a l i g n e d  w i t h  t h e  
f l i g h t  d i r e c t i o n ,  t h e  induced  downwash i s  c o n s t a n t  across t h e  wing chord .  
W e  now a d a p t  an approximate s o l u t i o n  by A m i e t 5  f o r  an a i r f o i l  i n  o s c i l l a t o r y  
p l u n g i n g  motion a t  h igh  f l i g h t  speed .  S i n c e  Amiet h a s  c o n s i d e r e d  only t h e  
p u r e l y  two-dimensional c o n s t a n t  downwash problem 
f o r  l o a d i n g  given below c o n s t i t u t e s  a g e n e r a l i z a t i o n  ana logous  t o  Adamczyk's 
skewed-wing a n a l y s i s  f o r  a convec ted  g u s t .  W e  w r i t e  t h e  f i n a l  r e s u l t  f o r  
t h e  y - t r ans fo rm o f  t h e  p r e s s u r e  d i s t r i b u t i o n  on t h e  lower s u r f a c e  of t h e  wing: 
.- . 
t h e  e*xpression 
4 
from which w e  compute t h e  s u r f a c e  p r e s s u r e  everywhere 
( 1 1 1 . 2 4 )  
m 
(111 .25)  
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where ( A )  s t ands '  for t h e  q u a n t i t y  w i t h i n  l a r g e  square l x a c k e t s  i n  E q . I I I . 8 .  
S i n c e  p (-z)=-p (+z) t h e  a c t u a l  l oad ing ,  d e f i n e d  i n  t h e  p o s i t i v e - l i f t  
sense a s  p 
for  m<O pmN=p* 
mN 
mN mN 
(O-)-pmN(O+) , i s  t h e r e f o r e  g i v e n  by t 2  times E q .  111.26. A l s o ,  
mN 
where a s t e r i s k  d e n o t e s  con juga te .  
(-mN) 
The l a rge -y  b e h a v i o r  may be found by deforming  t h e  c o n t o u r  i m p l i a i t  i n  
Eq. 111.25,  i n  X space , f rom t h e  r e a l  - .  a x i s  t o  t h e  several branch  p o i n t s  p r e s e n t  
i n  t h e  i n t e g r a n d ;  t h u s ,  f o r  example, f o r  y>O one  cou ld  deform t o  t h e  l o w e r  h a l f  
t h e  no rma l i zed  a c o u s t i c  2 p l a n e  t o  p i c k  up c o n t r i b u t i o n s  a t  X=+pB =kM=k 
wavenumber wb/co (from t h e  C l i  - p  M 1 
ac 
f a c t o r )  and a t  X=+pB ( f r o m  a b ranch  2 2 2 - l / i  
p o i n t  o f  p). I t  i s  obvious  t h a t  of  t h e s e  t h e  X=p@ p o i n t  i s  c l e a r l y  a weak 
c o n t r i b u t o r  compared t o  X=k . As 1yl-w a s t r a i g h t f o r w a r d  a s y m p t o t i c  
a n a l y s i s  t h e r e f o r e  i n d i c a t e s  t h a t  p - exp( - ik  l y l } ,  a n e t  a c o u s t i c  wave 
h a v i n g  i ts  " o r i g i n "  w i t h i n  t h e  a rea  of s t r o n g  aerodynamic a c t i o n .  
ac 
mN ac 
it is iKtpui-eane to poiilt ti,at soiuitiori 111.24 - -2  - 7 - L - -  11- 
V I U I a L e 3  L i k e  co-ir2itior-i 
of zero p r e s s u r e  on t h e  p l a n e  o f  t he  wing b o t h  ahead o f  t h e  l e a d i n g  edge and 
a l o n g  t h e  wing wake; i t  i s  t h e  r e s u l t  o f  c o n s t r u c t i n g  a p r e l i m i n a r y  s o l u t i o n  
which s a t i s f i e s  t h e  downwash boundary c o n d i t i o n  o v e r  t h e  e n t i r e  p l a n e ,  and 
t h e n  c o r r e c t i n g ,  by c a n c e l l a t i o n s ,  p r e s s u r e s  bo th  ahead and beh ind  t h e  wing. 
A s  d i s c u s s e d  i n  R e f .  5, f o r  t h e  chordwise-cons tan t  downwash c a s e  t h e s e  
c o r r e c t i o n s  are found s imul t aneous ly  r a t h e r  t h a n  s e q u e n t i a l l y  , w i t h  an o u t -  
come t h a t  does  n o t  s a t i s f y  p r e s s u r e  c o n t i n u i t y  e i t h e r  forward  o r  a f t  o f  t h e  
wing. More c o r r e c t i o n s  would r e s u l t  i n  better a i>proximat ions  t o  the computed 
l o a d i n g .  
3. Es t ima t ion  o f  Vortex S t r e n g t h  
The estimate o f  s t r e n g t h  f o r  b l a d e - t i p  v o r t i c e s  i s  h e r e  based  
on t h e  f o l l o w i n g  model: W e  assume t h a t  a l l  blade-bound v o r t i c i t y  
beyond a chosen r a d i a l  s t a t i o n  rol ls  up i n t o  a s i n g l e  c o n c e n t r a t e d  v o r t e x  
( F i g .  1 1 1 . 3 ) .  We may t a k e  t h i s  radial. s t a t i o n  as t h a t  where t h e  s e c t i o n a l  
l o a d i n g  i s  maximum, a l though  f o r  our  pu rposes  even this is  unnecessa ry .  
Assuming a s imple  t r i a n g u l a r  shape f o r  t h e  l i f t  w i t h  a p r e s c r i b e d  maximum 
v a l u e  L one o b t a i n s  t h a t  max' 
- 3 1 -  
1 T -  1 - L  R =  
2 max t (ii)  cos^^ (111.27)  
r e g a r d l e s s  o f  r a d i a l  p o i n t  where t h e  maximum i s  assumed t o  o c c u r ;  i n  t h e  
above T i s  to t a l  s t e a d y  p r o p e l l e r  t h r u s t  and B 
p l u s  p i t c h  angle .  
t o  t o t a l  performance t h r u s t .  
i s  a n  e f f e c t i v e  o r  ave raqe  t w i s t  
t 
The t e r m  i n  p a r e n t h e s i s  d e n o t e s  each  blade’s  c o n t r i b u t i o n  
- .  
Applying t h e s e  i d e a s  a t  t h e  t i p  r a d i a l  p o s i t i o n ,  w e  n e x t  invoke  
t h e  l i f t i n g - l i n e  r e l a t i o n s h i p  , 
2 2 
max p r h  + ( ~ R , I  = L ( 1 1 1 . 2 8 )  
from which f i n a l l y  w e  o b t a i n  t h a t  t h e  l e a d i n g  f a c t o r  i n  Eq .  111.26 i s  
(111.29)  
s u g g e s t i n g  t h a t ,  f o r  a g iven  p r o p e l l e r  d e s i g n  t h r u s t  TI l o w e r  p r e s s u r e s  are 
o b t a i n e d  i f  t h e  p r o p e l l e r  r a d i u s  i s  i n c r e a s e d .  
C. App l i ca t ion  t o  Gu l f s t r eam- I1  Winq 
For the  Gu l f s t r eam- I1  w e  t a k e  b=7 f t  ( 1 4 - f t  chord  a t  e n g i n e  l o c a t i o n )  
0 12  
and t h e  t o t a l  p r o p e l l e r  t h r u s t  T a t  c r u i s e  as 1460 I b ;  
number M = . A ;  d c n s i t y  and sound spcc:d v a l u ~ s  corrt:spoiid t o  an a l L j  tudi: of 
35,000 f t .  The r e s u l t s  d i s c u s s e d  below ar t .  for  t h e  fundamenta l  f r equency ,  
2 2 6  H z ,  which a t  35,000 f t  h a s  a wavelength o f  4 .3  f t .  
Ut=57 . P l i g h t  Mach 
- 
F i g u r e s  111.4-7 show p r e d i c t e d  p r e s s u r e  d i s t r i b u t i o n s  p (x ,y ,z=O ) 
N - - 
over c h o r d s  a t  y=R/2, R ,  1.5:, and 4R. 
edge s i n g u l a r i t y .  F o r  most spanwise  s t a t i o n s  t h e  s i n g u l a r  r e g i o n  a p p e a r s  t o  
be  q u i t e  conf ined  i n  e x t e n t ,  fo l lowing  o n e ’ s  e x p e c t a t i o n s  g i v e n  t h e  h igh  
speed/ f requency  of t h e  s i t u a t i o n  (p=28) .  A s  e a r l i e r  d i s c u s s e d ,  t h e  nonzero  
v a l u e s  of load ing  computed a l o n g  t h e  t r a i l i n g  edge a r e  an a r t i f a c t  o f  t h e  
approximate  l i f t i n g - s u r f a c e  t h e o r y .  
All r e s u l t s  d i s p l a y  t h e  l/& l e a d i n g -  
-32- 
- 
F i g u r e s  111.8-10 are spanwise p l o t s  of  p ( X , Y > ~ ,  2-0 1 f o r  chord 
N 
s t a t i o n s  p . 5 ,  1, 1.5 ( q u a r t e r ,  h a l f ,  and t h r e e - q u a r t e r  c h o r d s ) .  For y<Q t h e  
r e s u l t s  would be i n v e r t e d  m i r r o r  imaqes o f  t h o s e  shown, due t o  t h e  an t i symmetry  
of l o a d i n g  a b o u t  y=O for  an  even number o f  b l a d e s .  
t o  a d imens iona l  d i s t a n c e  o f  18' ou tboa rd  of t h e  p r o p e l l e r  a x i s .  
numer i ca l  s o l u t i o n  d i s p l a y s  t h e  a c o u s t i c  wavelength f o r  l a r g e  y i n  agreement  
w i t h  t h e  d i s c u s s i o n  f o l l o w i n g  Eq. l T S . 2 6 .  
P o i n t  4: cor re sponds  
The 
The decay '  ra te  i s  l/lyl. 
The most i n t e r e s t i n g  f e a t u r e  o f  F i g u r e s  111.8-10 is t h e  smoothness  
of t h e  aerodynamic.response n e a r  y=R t o  an i n p u t  downwash which i s  dis-  
con t inuous  t h e r e  (c f .  F ig .  I I I . 2 a ) .  The l o a d i n g  i s  g e n e r a l l y  nonzero  a t  
y=R because  y=R is n o t  a p o i n t  of  spanwise  downwash an t i symmetry .  
of t h e s e  o b s e r v a t i o n s  would apply  t o  t h e  l o a d i n g  o b t a i n e d  from t h e  s t r i p -  
t h e o r y  model, which r e q u i r e s  t h a t  t h e  spanwise  b e h a v i o r  of t h e  p r e s s u r e  be 
t h e  same as t h a t  o f ' t h e  i n p u t  downwash, which,  i n c i d e n t a l l y ,  
a c o u s t i c  wavenumber a t  l a r g e  d i s t a n c e s  from t h e  o r i g i n .  The i n p u t  downwash 
N e i t h e r  
l a c k s  t h e  
is s t r i c t l y  hydrodynamic i n  n a t u r e ,  w h i l e  t h e  aerodynamic r e s p o n s e  t o  i t  
shou ld  be d e f i n i t e l y  wave l ike ,  or a c o u s t i c .  
W e  have no ted  t h a t  f o r  an even number of p r o p e l l e r  b l a d e s  a l l  harmonics  
of spanwise  l o a d i n g  p are ant i symmetr ic  a b o u t  t h e  p r o p e l l e r  a x i s  i n  spanwise  
c o o r d i n a t e .  All, t h e r e f o r e ,  c o n t r i b u t e  n e t  moments which d r i v e  t h e  wing a s  
a whole a t  t h e  eng ine  s t a t i o n .  Were i t  n o t  f o r  t h e  f a c t  t h a t  t h e  f requency  
regime r e q u i r e s  t h a t  p l a t i n g  response  also be c o n s i d e r e d  i n d e t a i l ,  t h e s e  
loads c o u l d  be a p p l i e d  i n  c r u d e r  models o f  wing motion. 
mN 
When t h e  number of b l a d e s  i s  odd t h e  fundamenta l  d i s t r i b u t i o n  is even 
a b o u t  t h e  p r o p e l l e r  a x i s ,  c o n t r i b u t i n g  a n e t  l i f t .  Higher  h a r m o n i c s  a r e  
a l t e r n a t e l y  odd and even, c o n t r i b u t i n g  e i t h e r  t o r q u e s  o r  f o r c e s .  
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D. P r e d i c t e d  B e n e f i t  o f  a Large Number o f  Blades  i n  Reduc ingUns teady  
Wing Ai r loads  Induced by t h e  Wake of an Upstream P r o p e l l e r  
The argument t o  demons t r a t e  t h a t  f o r  a g i v e n  v a l u e  o f  p r o p e l l e r  
performance t h r u s t  and a i r c r a f t  l i f t  uns teady  wing a i r l o a d s  are reduced  
by a l a r g e  number of  b l a d e s  w i l l  h e r e  p a r a l l e l  t h a t  i n  S e c t i o n  1I.E. 
E q s .  1 1 1 . 2 4  and 16 show t h a t  a t  h i g h  reduced  f r equency  k (based on 
wing semichord and f l i g h t  speed)  induced  wing p r e s s u r e  d i s t r i b u t i o n s  are 
p r o p o r t i o n a l . t o  p U r N / R  .k t 
T/Rtl w i t h  T deno t ing  s t e a d y  p r o p e l l e r  t h r u s t .  
ampl i tude  c o e f f i c i e n t  of wing p r e s s u r e s  may be i n t e r p r e t e d  a s  p r o p o r t i o n a l  
t o  t h e  p r o d u c t  of t h e  f r e e s t r e a m  dynamic p r e s s u r e  and a spanwise -va r i ab le  
- 1/2 , where p U r N / R t  1s i n  t u r n  p r o p o r t i o n a l  t o  
2 S i n c e  f o r  s t e a d y  f l i g h t  t h e  
l i f t  c o e f f i c i e n t ,  w e  have t h a t  f o r  p o i n t  x , y  on t h e  wing s u r f a c e  
L 
T/Rt . -  1 
ps t e a d y  p u  2 c,(y) JT; 
PmN a (111.30) 
Moreover, s i n c e  k=mN&/U=mN(b/Rt) (QR / U ) - m N ( b / R  ) - m N ,  it t h e r e f o r e  fol lows 
t h a t  f o r  a g iven  value of d e s i g n  t h r u s t  T uns t eady  wing p r e s s u r e s  f a l l  
t t 
- 1 / 2  r e l a t i v e  t o  s t eady  p r e s s u r e s  as N , a s  N i s  i n c r e a s e d .  
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APPENDIX A 
JUSTIFICATION FOR EXCLUSION O F  MULTIPLE-SCATTERING EFFECTS 
A. 1 INTRODUCTION 
TWO of  our s i m p l i f y i n g  assumptions have been t h a t  t h e  p r o p e l l e r  
b l a d e s  e f f e c t i v e l y  l a y  f l a t  on t h e i r  p l a n e  o f  r o t a t i o n  w i t h o u t  p i t c h  o r  
t w i s t ,  and t h a t  uns teady  v e l o c i t i e s m u t u a l l y  induced .by  uns teady  components 
o f  blade-bound and shed-wake v o r t i c i t y  are n e g l i g i b l e  i n  comparison t o  
i n c i d e n t  modal v e l o c i t y  ampl i tudes .  
The f i r s t  assumption causes  mutual  i n f l u e n c e s  through d i r e c t  p r e s s u r e  
f i e l d s  t o  be i d e n t i c a l l y  z e r o  because f l a t - p l a t e  l o a d i n g s  f o r  each  b l a d e  
i n v o l v e  t h e n  on ly  t h r u s t  d i p o l e s  normal t o  t h e  p r o p e l l e r  d i s k .  We s h a l l  
examine i t s  v a l i d i t y  by e s t i m a t i n g  t h e  p r e s s u r e  f i e l d  w i t h  which two 
ne ighbor ing  b l a d e s  i n s o n i f y  each o t h e r ,  g iven  t h a t  i n  f a c t  a f i n i t e  a n g l e  
o f  t w i s t  exists between them. Tne p rocedure  w i i i  be  t o  use  t h e  aer0Gynad.c 
t h e o r y  a v a i l a b l e  f o r  a s i n g l e  a i r f o i l  a t  z e r o  p i t c h  or t w i s t ,  and t h e n  t o  
tilt the r e s u l t i n g  source  d i s t r i b u t i o n  through t h e  a c t u a l  p i t c h  a n g l e  t o  f i n d  
non-zero v a l u e s  of n e a r - f i e l d  p r e s s u r e  a t  o f f - p l a n e  p o i n t s  occupied  by two 
a d j a c e n t  b l a d e s .  The r e su l t s  w i l l  be  normal ized  by t h e  i n p u t  d i s t u r b a n c e  
p r e s s u r e  POW co r re spond ing  t o  the mNth harmonic o f  t h e  i n c i d e n t  v e l o c i t y  
f i e l d ,  and t h e i r  f r a c t i o n a l  va lue  w i l l  r e p r e s e n t  t h e  p r e s s u r e  f i e l d ' s  measure 
of uns teady  aerodynamic i n t e r f e r e n c e  , o r  m u l t i p l e  s c a t t e r i n g  , between b l a d e s  .* 
mN 
S i m i l a r l y ,  estimates of i n t e r f e r e n c e  through induced  f lows  w i l l  r e l y  
on t h e  z e r o - p i t c h  l o a d i n g  s o l u t i o n  a p p r o p r i a t e l y  t i l t e d  acco rd ing  t o  p i t c h .  
The r a t i o  o f  such  r e s u l t s  t o  t h e  ampl i tude  o f  t h e  i n c i d e n t  v e l o c i t y ' s  f i r s t  
harmonic ( s a y )  w i l l  indicate a - p o s t e r i o r i  t o  what e x t e n t  each  b l a d e ' s  
aerodynamic r e sponse  can be expec ted  t o  be  independen t  of  o t h e r s ' .  
F ig .  A . l  shows a " r a d i a l "  v i e w  of  two of  t h e  N b l a d e s  a t  an a r b i t r a r y  
c i r c u m f e r e n t i a l  c r o s s - s e c t i o n  through t h e  p r o p e l l e r .  As s t a t e d  above,  w e  
s h a l l  use  b l a d e  l o a d i n g s  cor responding  t o  pas sage  a t  z e r o  t w i s t  and p i t c h .  
We s h a l l  f u r t h e r  s i m p l i f y  t h e  c a l c u l a t i o n  by c o n s i d e r i n g  o n l y  t h e  l e a d i n g -  
edge c o n t r i b u t i o n  of  such  loading  and i ts  a s s o c i a t e d  p r e s s u r e  f i e l d ,  i . e . ,  
by t a k i n g  t h e  a i r f o i l  t o  have i t s  t r a i l i n g  edge a t  i n f i n i t y .  
* 
Mutual ly  induced  p r e s s u r e s  a r e  n o t  used a s  i n p u t  c o n d i t i o n s  i n  r i g i d - a i r f o i l  
aerodynamics;  however , c e r t a i n  s i t u a t i o n s  may r e q u i r e  s imple  estimates o f  (COnt. 
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A .  2 BLADE-BLADE AERODYNAMIC INTERFERENCE THROUGH DIRECT PRESSURE FIELDS 
For  t h e  s e m i - i n f i n i t e  chord  a i r f o i l  Ref. 1 4  g i v e s  t h e  p r e s s u r e  f i e l d  
an a r b i t r a r y  f i e l d  p o i n t  (near o r  f a r ) :  
-1 
COS [1/2 t a n  ( Btane) 1 
p ( r , e , t )  = -pUwm 
2 2 2  2 1/2 
(3 T r ( p + k  /(3 ( 1 - M  cos  A s i n  e) 
X 
. - .  
2 2  k M COS 1 2 - x  
82 
X . exp Ii( ut-kss  + -n /4-ur )  I 
where i n  t h e  p r e s e n t  a p p l i c a t i o n ,  w e  have t h a t  
= k b cosA k x  mN 
0 = nmN 
-1 kss mN s i n  y/R 
-1 2 2  e =  t an  z / x  , r = J x + z  
e tc ,  w i t h  kmN, b,  and A a l l  f u n c t i o n s  of  r a d i a l  p o s i t i o n  R. 
U-OR,M=U/co, 8 = J l - M  cos  A and w 
range must be d e f i n e d  as (0,2n). W e  d rop  t h e  b - s u b s c r i p t  on t h e  blade- 
based  coord ina te  sys t em d e f i n e d  i n  F ig .  11.3. 
I n  Eq .  A . l  
2 2  a r e  a l s o  f u n c t i o n s  o f  R ;  a l s o ,  t h e  8 
mN 
For ~ l ( t h e  b lade-passage  fundamenta l )  w e  have a p p l i e d  Eq. A . l  t o  
c a l c u l a t e  a i r f o i l  A ’ s  p r e s s u r e  f i e l d  a t  a i r f o i l  B ’ s  l o c a t i o n ,  and v i ce -  
v e r s a .  The r e s u l t s  normal ized  by P W  U a r e  d i s p l a y e d  i n  F ig .  A.2  
f o r  t h r e e  r a d i a l  s t a t i o n s .  The maximum i n t e r f e r e n c e  p r e s s u r e  is 
shown t o  b e  about 16% pUwN t i p  
based  on an a i r f o i l  model which does  n o t  s a t i s f y  t h e  K u t t a  c o n d i t i o n  and 
which i n  f a c t  y i e l d s  m a x i m u m  p r e s s u r e s  a long  t h e  wake d i r e c t i o n ,  shou ld  be 
a c o n s e r v a t i v e  e s t i m a t e  f o r  t h e  lower v a l u e s  of b l a d e  p i t c h  n e a r  t h e  b l a d e  
t i p s .  Unfo r tuna te ly ,  a c o r r e c t i n g  t r a i l i n g - e d g e  s o l u t i o n  t o  prove  t h e  above 
a s s e r t i o n  by modifying Eq. A . l  t o  s a t i s f y  t h e  Ku t t a  c o n d i t i o n  i s  n o t  a v a i l a b l e  
i n  c l o s e d  form for a r b i t r a r y  f i e l d  p o i n t s  and ,  a t  any r a t e ,  t h e  v a l u e  o f  16% 
N 
f o r  R=R f o r  b l a d e  A on b l a d e  B. Th i s  r e s u l t ,  
* 
t o t a l  chordwise g r a d i e n t s  as i n p u t ,  f o r  example,  t o  uns teady  boundary- layer  
f low c a l c u l a t i o n s .  Another p o s s i b l e  a p p l i c a t i o n  i s  t h e  t o t a l  l o a d i n g  i n f l u e n c e  






i s  s u f f i c i e n t l y  l o w  t o  j u s t i f y  n e g l e c t i n g  t h e  f o r w a r d - s c a t t e r  f r o m  a i r f o i l  
A on  a i r f o i l  8 .  The broken l i n e s  i n  Fig.  A . 2  summarize t h e  computed l eve l s  
o f  no rma l i zed  b a c k s c a t t e r  ( a i r fo i l  B on A ) .  As e x p e c t e d ,  t h e y  are f o r  
t h e  most p a r t  s i g n i f i c a n t l y  below t h e  s o l i d  l i n e s ,  n o t  j u s t  because  t h e  
s p u r i o u s  trail ing-edge p o i n t  i s  f u r t h e r  away, b u t  because  c o m p r e s s i b i l i t y  
e f f e c t i v e l y  l e n g t h e n s  d i s t a n c e s  t o  ups t ream p o i n t s  (as w e l l  as enhances  
p r o p a g a t i o n  downstream by washing it a l o n g ) .  The effect  i s  embodied i n  
t h e  argument o f  t h e  c o s i n e  f a c t o r  i n  E q .  A . l .  Let us t a k e ,  f o r  example,  t w o  
a n g u l a r  p o s i t i o n s  symmetr ic  abou t  the  8=8/2 d i v i d e  between ups t ream and 
downstream r e g i o n s  a t  z e r o  p i t c h ,  say 8 =45 
upstream. 
e2/2=67.5 . With B=1/2 (M=.866for A=O,however,tan (Btan8)becomes,respectively 
-1 -1 -1 
for e1,e2, t a n  1/2=26.6O so t h a t  1/2 t a n  (Btan8)=13.3°1 and t a n  (-1/2)=153.4O 
so t h a t  1/2 t a n  (Btane)=76.7 . C o m p r e s s i b i l i t y  h a s  t h e r e f o r e  i n c r e a s e d  t h e  
d i f f e r e n c e  between ups t ream and downstream s i g n a l  ampl i tudes  from 
0 0 
for  downstream and e2=135 for  
1 
With B=1, i . e .  I w i t h o u t  c o m p r e s s i b i l i t y , *  8 /2=22.5O and 1 
0 -1 
-1 0 
0 0 0 0 
M=O: cos (22 .5  ) - ~ 0 ~ ( 6 7 . 5  )=.924- .383=.54, to  M=.866: c o s ( 1 3 . 3  1 -cos (76 .7  1 
=.973-.230=. 74. 
I n  p r i n c i p l e  E q s .  A . l  and 1 1 . 2 1 ,  e t c . ,  h o l d  up  t o  s u p e r s o n i c  Mach number 
sec A ,  when sweep is p r e s e n t .  
~~ * 
It i s  i m p o r t a n t  t o  remember t h a t  t h e  model o f  t h e  a i r f o i l  w i t h  semi- 
i n f i n i t e  chord  becomes i r r e l e v a n t  a t  M=O f o r  t h e  s p e c i a l  case o f  z e r o  blade 
sweep,and t h a t  it i s  u s e f u l  i n  t h e  s o - c a l l e d  h y p e r b o l i c  regime o n l y  when 
t h e  f r equency  and Mach number a r e  both h iqh  enough t o  y i e l d  c e r t a i n  minimum 
v a l u e s  o f  p and k / B 2 .  ( c f .  R e f .  5 ' s  skcved-gus t  a n a l y s i s ) .  
X 
-37- 
A. 3 BLADE-BLADE AERODYNAMIC INTERFERENCE THROUGH INDUCED FLOWS 
The p o t e n t i a l  CP a s s o c i a t e d  w i t h  t h e  p r e s s u r e  f i e l d  of E q .  A . l  i s  
o b t a i n e d  from B e r n o u l l i ' s  e q u a t i o n  
E? ,-E 
D t  P 
( A .  3 )  
where D / D t  i s  t h e  l i n e a r i z e d  s u b s t a n t i a l  d e r i v a t i v e  a / a t+  ( U / b )  wax .  The 
s o l u t i o n  of E q .  A.3 i s  c o n v e n i e n t l y  e x p r e s s e d  i n  terms o f  c o n t o u r  i n t e g r a l  
C ( F i g .  A . 2 a )  
2 2  2 .exp lil Ut-k s+k  M c o s  Ax/B I s x  
( A .  4) 
where i n  t h e  p r e s e n t  c o n t e x t  w,k ,k I e tc  are as g i v e n  by E q s .  A . 2 .  2 i s  
t h e  nondimensional  normal t o  a i r f o i l  c o o r d i n a t e  compressed by t h e  0 f a c t o r ,  
x s  
L i . e . ,  Z=Bz; 5 i s  s h o r t h a n d  f o r  p+k / 0  , 
X 
D i f f e r e n t i a t i n g  w i t h  r e s p e c t  to zh we o b t a i n  the r a t i o  o f  induced  
v e r t i c a l  v e l o c i t y  w ( x , s , Z )  to  i n c i d e n t  v e l o c i t y  harmonic w a t  €i .eld 
p o i n t  x I  Z .  
i 
mN 
i i 1  2 2  2 
w ( x , s , Z , t ) =  - - - exp[i{wt-k s+k  M cos Ax/@ 1 1  
mN 
s x  - 2?l v< W 
2 2  e x d  - - ixx-  1 
C X-kx/B 
di - p  1 
2 
( A .  5 )  
If w e  l e t  Z=O and t a k e  x>O, Eq. A . 5  y i e l d s  
- 38- 
as required by t h e  boundary c o n d i t i o n  o f  f low tangency  on t h e  s e m i - i n f i n i t e  
chord  ex tend ing  over OCxC-. Fo r  x<O, Z=O, t h e  branch  p o i n t  c o n t r i b u t i o n  
(F ig .  A.2b) from A=-P g i v e s  t h e  v e r t i c a l  v e l o c i t i e s  induced  upstream on 
t h e  p l a n e  o f  t h e  b l ade :  
=-exp l i  (ut-k x-k s )  I w i ( X : O ,  S , Z ' O , t )  x s  
mN 
W 
For  large v a l u e s  o f  -x ,  i . e . ,  f a r  upstream, and s p e c i a l i z i n g  t o  t h e  case o f  
zero sweep so t h a t  p=k M/@ =kM/fI2, t h e  above becomes p r o p o r t i o n a l  t o  2 
X 
i n d i c a t i n g  a q u i c k l y  decay ing  s i g n a l  of very  s h o r t  wavelength as M + l -  
t r a v e l l i n g  a t  speed  - ( l - M ) c  r e l a t i v e  t o  t h e  a i r f o i l  (-c r e l a t i v e  t o  t h e  
f r e e s t r e a m ) .  I n  Eq .  A.7 t h e  v e r t i c a l  induced v e l o c i t y  becomes i n f i n i t e  
as x-to- because  a t  x=O 
0 0 
+ t h e  blade-bound v o r t i c i t y  h a s  an  i n f i n i t e  va lue .  
Eq .  A.7 could  by i t s e l f  b e  used t o  estimate ups t ream f lows  induced  
by blade B on A i f  one n e g l e c t s  the  p i t c h  ang1.e so t h a t  the t w o  b l a d e s  a r e  
c o p l a n a r ;  s m a l l  va lues  of I w  (x<O,O,t)/wmI ove r  t h e  chord  o f  A would 
t h e n  j u s t i f y  b a s i n g  flow t angency  on i n c i d e n t  v e l o c i t y  a l o n e  as f a r  as 
ups t ream i n f l u e n c e s  are concerned.  Here, however, w e  are also i n t e r e s t e d  
i n  p o t e n t i a l l y  s t r o n g e r  shed-wake e f f e c t s ,  and f o r  t h i s  r eason  w i l l  keep 
t h e  two a i r f o i l s  a t  nonzero p i t c h .  
i 
I n  c a l c u l a t i n g  t h e  shed  wake a cho ice  must be  made for t h e  model of  
l o a d i n g  on an a i r f o i l  o f  f i n i t e  chord. Here w e  choose t h a t  g iven  by 
Eq.  A. 1 0=0 and co r re spond ing  t o  the  lead ing-edge  s o l u t i o n  , b u t  a p p l i e d  
o n l y  o v e r  O<x<2. For  x>2 t h e  wake c o n d i t i o n  o f  p=O=(Ap) w i l l  be en fo rced .  
A t  s u f f i c i e n t l y  h igh  f requency  o r  subson ic  Mach number, t h e  t r a i l i n g - e d g e  
c o r r e c t i o n  t o  such  a l o a d i n g  h a s  t h e  r e l a t i v e l y  unimpor tan t  l o c a l  e f f e c t  
- 39- 
o f  " rounding  o f f "  t h e  r e s u l t i n g  p r e s s u r e  d i s c o n t i n u i t y  a t  x=2 by p r o v i d i n g  
it w i t h  t h e  p rope r  4 2-x decay as x+2-. 
a n a l y s i s  w e  n e g l e c t  sweep e f f e c t s  and t a k e  k =k ( A Z O ) .  
- 
For  s i m p l i c i t y  o f  n o t a t i o n  and 
X 
The c a l c u l a t i o n  can proceed  a l o n g  t h e  l i n e s  o f  t h e  a n a l y s i s  f o r  t h e  
ups t ream i n f l u e n c e  by c o n s i d e r i n g  t h e  s i n g u l a r  s t r u c t u r e  o f  t h e  v e l o c i t y ' s  
i - t r a n s f o r m ,  o r  can i n s t e a d  beg in  ty p o s i n g  P o s s i o ' s  i n t e g r a l  f o r  a p o i n t  
i n  t h e  wake. 
17 
For t h e  s a k e  o f  v a r i e t y  w e  t a k e  up t h e  l a t t e r  approach:  
w i t h  K( I x-S I 1 given by 
(A.  8 )  
af te r  n o r m a l i z a t i o n  by t h e  semichord b and n o t i n g  t h a t  I x-S 1 =x-E f o r  
x>2 ( t h e  w a k e ) .  The s u p e r s c r i p t  s on w ( x )  s t a n d s  f o r  shed  wake. I n  Eq. A . 8 ,  
Ap i s  g iven  by p -p =2p 
S 
+ -  + o r  t w i c e  t h e  r e s u l t  i n  Eq. A . l .  w i t h  843, O<r=x<2: 
( A .  10) 
I n c i d e n t a l l y ,  t h e  ups t ream r e s u l t  i n  E q .  A.7 f o r  a s e m i . - i n f i n i t e  chord  
a i r f o i l  can a l s o  b e  o b t a i n e d  from P o s s i o ' s  i n t e g r a l  a p p l i e d  f o r  xC0. Then 
w e  would have t h a t  
-40- 
where K(Ix-El)  i s  now g iven  by 
(A. 1 2 )  
I n  Eq. A . l l  t h e  i n t e g r a l  ex tends  t o  i n f i n i t y  because  t h e  lead ing-edge  
l o a d i n g  h a s  n o t  been c u t  off  p a s t  x=2 as r e q u i r e d  by Ap(x>2,2=0,  t ) = O  7 -  t h e  
w a k e  c o n d i t i o n  i m p l i c i t l y  a p p l i e d  i n  Eq.  A . l O .  
We b e g i n  by l o o k i n g  a t  p o i n t s  f a r  downstream from t h e  t r a i l i n g  edge  
i n  t e rms  of wavelengths  and l a te r  examine i n  what sense t h e  f a r  wake so 
computed can  be expec ted  t o  h o l d  c l o s e r  t o  t h e  t r a i l i n g  edge ,  g iven  t h e  
con templa t ed  h i g h  reduced f r equenc ie s  and moderate- to-high s u b s o n i c  Mach 
numbers. W e  approximate  t h e  Poss io  k e r n e l  by i ts  l a r g e  k x  b e h a v i o r .  Thus, 
W 
(A.13) 
S i m i l a r l y ,  f o r  p (x -F)  >>1 w e  have t h a t  
-41- 
( r e c a l l i n g  t h a t  t h e  2 s t a n d s  f o r  nondimens iona l  
{ 1+0 (k- l /*)  1 S - ik  (x-Ut/b) w (x ,z -O, t )  = -e 
(A.  1 4 )  
which c a n c e l s  t h e  second term on t h e  r i g h t  . s i d e  o f  Eq. A.13 SO t h a t  
S u b s t i t u t i n g  Eq. A.15 i n t o  A.10 w e  f i n a l l y  have t h a t  
2k - i k  (x-Ut/b) 
1 f M  
S l i m  w (x ,z=O, t )  - - (1-i) E (-)e 
mN 
W kx- 
( A .  16) 
The e x p o n e n t i a l  fac tor  i n  Eq. A.16 carries t h e  obv ious  p h y s i c a l  
i n t e r p r e t a t i o n  t h a t  t h e  wake is convected  and t h u s  s t e a d y  i n  t h e  s t i l l  f l u i d  
( for  which t h e  nondimensional  x -coord ina te  becomes x =x-Ut/b). A s  2k/( l+M)-w 
s 
chord )  w e  have  t h a t  
( A .  17) 
Thj s i n i t i a l l y  s u r p r i s i n q  r e s u l t  s t a t e s  t l icit: at: h i  qh frccliienci c’s thc 
“ i n v i s c i d “  far  wake shed  by an a i r f o i l  c o n t i n u e s  t o  c a n c e l  t h e  v e r t i c a l  
v e l o c i t y  of t h e  i n p u t  g u s t .  
s u g g e s t s  t h e  p o s s i b i l i t y  o f  e f f e c t i v e l y  n u l l i n g  o u t  f o r  a chosen  s t r e a m l i n e  
t h e  normal v e l o c i t y  component of  an u n d e s i r a b l e  convec ted  d i s t u r b a n c e  th rough  
t h e  i n t r o d u c t i o n  of an a i r f o i l .  
I n  a more g e n e r a l  high-speed c o n t e x t ,  it 
There  i s  y e t  a n o t h e r  p a t h  t o  Eq. A . 1 6  which a l t h o u g h  pe rhaps  a n a l y t i c a l l y  
less s e l f - c o n t a i n e d  is  a t  t h e  same t i m e  p h y s i c a l l y  more r e v e a l i n g .  W e  W r i t e  
t h e  i n t e g r a l  e q u a t i o n  f o r  t h e  s t r e n g t h  y ( x  ) o f  t h e  v o r t e x  s h e e t  i n  t h e  f a r  
wake i n  t h e  frame of  r e f e r e n c e  o f  t h e  s t i l l  f l u i d :  
S 
( A .  18) 
- 4 2 -  
where t h e  i n t e g r a l  e q u a t i o n  i s  o f  the  Cauchy-Pr inc ipa l  Value t y p e  and i s  
so des igna ted .  The k e r n e l  [ - 2 a ( x s - ~ ) 1  
t h e  u s u a l  s p e c i a l  case of  B io t -Sava r t ' s  Law a p p l i e d  t o  t h e  s e l f - i n d u c e d  
normal v e l o c i t y  f i e l d ;  it may be ob ta ined  from t h e  P o s s i o  k e r n e l  f o r  zero 
f requency  and Mach number. 
-1 s o l v e s  t h e  Laplace e q u a t i o n  and i s  
F o u r i e r  t r ans fo rming  E q .  A . 1 8 ,  r e c o g n i z i n g  t h a t  - .  
m 
- iX(x  -5) 
S -- 1 - i  ] d X h e  
x - 5  2 
S 
(A.19) 
S and t h a t  G(X)=FT{w ( x  1) i s  p r o p o r t i o n a l  t o  6 (1-k)  , w e  t h e r e f o r e  have t h a t  
S 
( A .  20) 
( A . 2 1 )  
+ -  + + / -  s i n c e  y=u -u =2u , where u denote  t a n g e n t i a l  v e l o c i t i e s  j u s t  above and 
and below t h e  shed wake. 
Return ing  now t o  t h e  a i r f o i l ' s  frame o f  r e f e r e n c e  w e  reca l l  t h a t  
a p p l i c a t i o n  o f  p=Ap=O a long  t h e  wake r e q u i r e s  t h a t  
D Q  
Dt: - ( x > 2 , o , t ) = O  
whose s o l u t i o n  is 
( ~ - 2 ) b )  = O(x=2,o,t  - U 
( A .  2 2 )  
( A .  2 3 )  
+ - +  
s i n c e  @ ( X : O , o , t ) = O .  With Q ( x , o  , t ) = G ( x , o  ) exp( i cd t )  Eq. A . 2 2 ,  however,  
s ta tes  t h a t  
( A . 2 4 )  
which v i a  Eqs. A.23 and A . 2 1  y i e l d s  
-43-  
S k'(2 'o) exp{iw[ t - (x-2)b /Ul)  w ( x , t l = -  b 
- 
Now, i n  R e f .  5 Eq.15 Amiet h a s  c a l c u l a t e d  @ ( x , o )  t o  be  
.- . -. - i k x  
@(x,o)  = ( l - i ) E  (-1 - bw kx  e 
mN 1+El k 
and so w e  f i n a l l y  o b t a i n  t h a t  
S 2k ( l - i ) E ( - )  e x d  iw[t-xb/U]) 
mN l + M  
w ( x , t )  =-w 
( A .  25) 
( A .  26) 
(A. 27) 
(A.  2 8 )  
t h u s  r ep roduc ing  Eq.A.16, 
c a n c e l l i n g  effects. On t h e  one hand w e  have t h e  k loss of lift a t  h i g h  
f r e q u e n c i e s  d i sp l ayed  by Eq.  A . 2 7  (O(2 ,o )  i s  1/2 t h e  t o t a l  a i r f o i l  bound 
c i r c u l a t i o n ) ;  o n  t h e  o t h e r  w e  have t h e  l i n e a r  dependence on f r equency  of 
t h e  rate of v o r t e x  shedd ing  a s  shown by Eqs. A.24-26. 
which w e  now see i s  t h e  r e s u l t  of t w o  p h y s i c a l l y  
-1 
- 
For  v e r y  high f r e q u e n c i e s  far-wake v e r t i c a l  mot ions  have been found 
i n  Eq.  A.17 t o  be i d e n t i c a l  t o  t h o s e  self  induced  by t h e  s e m i - i n f i n i t e  
loading of Eq .  A . l .  The obv ious  c o n c l u s i o n  i s  t h a t  g i v e n  a w i l l i n g n e s s  t o  
n e g l e c t  t h e  e f f e c t s  o f  t h e  n e a r  wake, which i s  reduced  i n  b o t h  s t r e n g t h  
and e x t e n t  w i t h  i n c r e a s i n g  f r equency ,  w e  may t a k e  t h e  s o l u t i o n  of Eq. A . 1  
t o  model t h e  ver t ica l  v e l o c i t y  d i s t r i b u t i o n  o v e r  - c o : ~ w ,  z=O f o r  an  a c t u a l  
a i r f o i l  o f  f i n i t e  chord.  Again,  t h e  e s s e n t i a l  s i n  committed is  omiss ion  
of an a d d i t i o n a l  e f f e c t i v e  o r i g i n  i n t r o d u c e d  by t h e  n e a r  wake i n  t h e  
v i c i n i t y  of x=2 , W e  j u s t i f y  it by r e a s o n i n g  t h a t  n e x t  t o  t h e  i n f i n i t e  
d i s c o n t i n u i t y  i n  normal v e l o c i t y  across x=O- shown by E q s .  A.6,7 t h e  
n e g l e c t e d  source  shou ld  be compara t ive ly  un impor t an t .  
+ 
+ 
Reint roducing  sweep, i n  a form s u i t a b l e  €or computa t ion  (removing t h e  I/& 
s i n g u l a r i t y ) ,  mutual ly  induced  normal v e l o c i t i e s  f o r  a i r f o i l s  A and are 
g iven  by 
- 4 4 -  
I + L5 
* 2  
l - ( l + i ) E  ( 5 5  
7 I (A.29) 
When c a l c u l a t i n g  t h e  i n f l u e n c e  of A on B,x=O is a t  A ' s  l e a d i n g  edge;  f o r  
t h a t  o f  B on A,x=O is  a t  B ' s  l e a d i n g  edge. 
h lade-b lade  v e r t i c a l  s e p a r a t i o n  given by (2rR/bN)s inBt .  
I n  b o t h  c a l c u l a t i o n s  I z1  i s  t h e  
F ig .  A . 3  shows p r e d i c t e d  induced v e l o c i t i e s  based  on E q .  A.29. As 
nxpnr+_erl they are more pmnnimced far A an R t h a n  vice-versa: w i t h  an 
o v e r a l l  h i g h  i n  ampl i tude  r a t i o  of roughly  1 4 % .  W e  conc lude  t h a t  f o r  t h e  
p r e s e n t  s i t u a t i o n s  i n t e r f e r e n c e  through induced  f lows  i s  n e g l i g i b l e  by 
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Fig .  11.1 Mean wake measured a t  32%-cliord r ange  downstream o f  t h e  t r a i l i n g  
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F i g .  11.2 I d e a l i r , a t i o n  f o r  wing in te r fe rence  model (a, b) ; and  c o o r d i n a t e  
sys tem For ~ ' r o p e l l e r  b lade  aerodynamic analysis ( c f .  F i g .  1 1 . 3  







F i g .  11 .3  D e f i n i t i o n  of g e o m e t r i c  pa rame te r s  a t  t y p i c a l  bLade rad ia l  s t a t i o n ,  
p o i n t a i n  F ig .  1 1 . 2 ~ ;  b l a d e  i s  assumed s t a t i o n a r y  and g u s t  t r a v e l s  
i n  p o s i t i v e  8 d i r e c t i o n  because  b l a d e  ro ta tes  i n  n e g a t i v e  8 d i r e c t i o n  
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tan" [ y(R*) / R")] 
( =  sir? [ y (  R*)/R] 
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h(R) = A (  ,/-I = tan-' [dy(R')/dR']- tan-'[y(R')/R*] 
Fig .  T I .  4 Scliomati c of  inode I c:d meari-swceli 1 i iir! f o r  a 1 1 1  a t lv ,  s l i o w i  ncj 
d e f i n i t i o r i s  of swcel) and otlicr p a r a m e t e r s ;  q l o l m l  version 







Fig. 11.5  Mathematical  model. of family of blade-sweep l i n e s ,  one for 





F i g .  11.6 ( a )  F r o n t a l  view o f  f u l  L-scale p ropfan  p r o t o t y p e ;  
(b) Expanded view of  one of i t s  b l a d e s  i n d i c a t i n g  approx ima te  
c i r c u m f e r e n t i a l  dimensions and c i  r c u m f e r e n t i a l  components 
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Fig .  11.7 Top and s i d e  views of G t l L f s t r c a m  IT. wing and r i a c e l l e  showing 
dimensions relevant t o  c a l c u l a t i o n s .  
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F i g .  11.11 C o m p u t c d  v a l u c s  of E r c q u c i ~ c y  l i a ramcter  1 1  a s  a F u i i c t i O I i  o f  
blade r a d i a l  i ) o s i t i o i i ,  aiitl mode1 Led component of  c i . r c u m f e r c o t i a l  
blade sweep. 
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Fig .  11.12 Computed fundamental of v e l o c i t y  d e f i c i t  v s  blade r a d i a l  p o s i t i o n  
(amplitude of g u s t ) ,  and ca lcu la ted  s e c t i o n a l  loads for:  
( a )  propel ler  32% of chord downstream of pylon t r a i l i n g  edge and, 





I I I I I I I I I 
0 0 0 0 0 0 0 0  




























I I I I I I I I I 
0 0  
d- c 
I 







Ib/f t  
3 .I \ / \ 7.5 
( a )  
RH R ( f t )  











.5 +I  1.5 2 2.5 3 3.5 4 4.5 
I 
R H  
R T  
Fig. 11.15 P r e d i c t e d  i n f l o w  fundamental  and s e c t i o n a l  l o a d  vs r a d i a l  p o s i t i o n  
W f o r  a wing-mounted pusher  p r o p e l l e r ;  p r o p e l l e r  p o s i t i o n  is 32%-c 
downstream of t r a i l i n g  edge:  ( a )  p r o p e l l e r  a x i s  on Wing p l a n e ,  
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Fig .  11.18 P r e d i c t e d  spectrum of thrust p r o p e l l e r  f o r c e  ( r e  1 111) d u e  t o  
upstream w i  nq i i i tcrforcrice €or  wing-mounted t r a c t o r  p r o p e l l e r  
( c f .  F igs .  1 1 . 7 , l O ) ;  a x i s  i s  a t  e l e v a t e d  naccl.le p o s i t i o n  
(z0 =1.78 E t ) .  
E 
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for single vortex h h r  r Y-Yo w =  - 
27r (y-yo)2 + h: 
yo= RcosQt,  h,=Rsin4t 
r 
Plane of wing 
L Y 
I 
' I  Q r  
I 
3 
Fig .  111.1 Wake model for a four-t)laded p rope l l e r ,  i n d i c a t i n g  h o r i z o n t a l  




Fig. 111.2 Spanwise be l iav ior  of normAli.zed downwash fundamenta l  41rR w /rN 




F i g .  111.3 Assumed t r i a n g u l a r  d i s t r i b u t i o n  f o r  s t e a d y  blade l i f t  f o r  
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Fig .  
x = .5 (1/4 chord) 
71 Imaginary 
I \  
V I I I - 
0 R 2R 3R 4is 
Y 
111.8 P r e d i c t e d  spanwise p r e s s u r e  d i s t r i b u t i o n  for chord  p o i n t  
x=. 5 (1/4 c h o r d )  . -73- 

























F i g .  111.9 P r e d i c t e d  spanwise p r e s s u r e  d i s t r i b u t i o n  f o r  c h o r d  p o i n t  x=l .  
(1/2 c h o r d ) .  -74- 
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Fig .  111.10 P r e d i c t e d  spanwise p r e s s u r e  d i s t r i b u t i o n  f o r  chord p o i n t  
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Fraction of blade chord 
F i g .  A .  1 CalcuLated unsteady 1 nter fe rcncc?  tlirouc~li d i r e c t  [ J r e s su re  f j . e l d s ,  dashed 
l i n e s  show b a c k s c a t t e r  O F  blade I3 on A, solid l ines  show forward s c a t t e r  
( b l a d e  A on R ) .  -76- 
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F ig .  A. 3 c a l c u l a t e d  uns t eady  i n t e r f e r e n c e  th rough  induced  f l o w s ;  dashed  l i n e s  
i n d i c a t e  i n f l u e n c e  of a i r f o i l  R or1 A :  solid l i n e s  t h a t  o f  A On R .  
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